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Abstract We review various methods to investigate the statics and the dynamics of
collective composition fluctuations in dense polymer mixtures within fluctuating-field
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approaches. The central idea of fluctuating-field theories is to rewrite the partition func-
tion of the interacting multi-chain systems in terms of integrals over auxiliary, often
complex, fields, which are introduced by means of appropriate Hubbard-Stratonovich
transformations. Thermodynamic averages such as the average composition and the
structure factor can be expressed exactly as averages of these fields. We discuss differ-
ent analytical and numerical approaches to studying such a theory: The self-consistent
field approach solves the integrals over the fluctuating fields in saddle-point approxi-
mation. Generalized random phase approximations allow one to incorporate Gaussian
fluctuations around the saddle point. Field theoretical polymer simulations are used to
study the statistical mechanics of the full system with Complex Langevin or Monte Carlo
methods. Unfortunately, they are hampered by the presence of a sign problem. In a dense
system, the latter can be avoided without losing essential physics by invoking a saddle
point approximation for the complex field that couples to the total density. This leads to
the external potential theory. We investigate the conditions under which this approxima-
tion is accurate. Finally, we discuss recent approaches to formulate realistic time evolution
equations for such models. The methods are illustrated by two examples: A study of
the fluctuation-induced formation of a polymeric microemulsion in a polymer-copolymer
mixture and a study of early-stage spinodal decomposition in a binary blend.

Keywords Polymer blends - Self-consistent field theory - External potential dynamics -
Field-theoretic polymer simulations - Polymeric microemulsion - Polymer dynamics

Abbreviations

o index for monomer species (A or B)

] index for polymer species (homopolymer A, homopolymer B, copolymer)
N number of segments of a chain

X Flory-Huggins parameter

Vv volume

0 polymer number density

R. end-to-end distance of a polymer

N invariant degree of polymerization, N = oR?

&y volume fraction of polymers of type J

Via distributions of segments of species « along a polymer of type J

do (1) microscopic segment density of species o (Eq. 3)

g complex field-theoretical Hamiltonian as a function of fluctuating fields (Eq. 10, 11)
Q single chain partition function of type J (Egs. 12, 13)

qj(r,t) end-segment distribution (Egs. 17, 18)

H Hamiltonian of the external potential theory (Egs. 41, 42)

F* Hamiltonian of the (dynamic) SCF theory (Eq. 53)

A Onsager coefficient (Eq. 110)

D single chain self-diffusion constant
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1
Introduction

Polymeric materials in daily life generally are multicomponent systems.
Chemically different polymers are “alloyed” as to design a material which
combines the favorable characteristics of the individual components [1]. Un-
derstanding the miscibility in the molten state is crucial for understanding
and tailoring properties that are relevant for practical applications. Miscibil-
ity on a microscopic length scale is desirable, for instance, to increase the
tensile strength of the material. Unfortunately, different polymers are typ-
ically not miscible microscopically, because the entropy of mixing is much
smaller for polymers than for small molecules. The mixture separates into
domains in which one of the components is enriched. These domains are
separated by interfaces. Tuning the interface tension between the coexisting
phases, and the morphology of the material on a mesoscopic length scale, is
a key to tailoring material properties and has attracted abiding interest.

One strategy to improve the miscibility and the interfacial properties has
been to synthesize copolymers by chemically linking polymers of different
types to each other. Added in small amounts to a homopolymer mixture,
the copolymers adsorb at the interfaces, change the local structure, and re-
duce the interface tension [2-5]. Mixtures containing substantial amounts of
copolymers form new types of phases, where different monomer types aggre-
gate into mesoscopic “phase-separated” domains (microphase separation).
By varying the composition of the mixture and the architecture of the indi-
vidual (co)polymers, one can create a wide range of different morphologies,
corresponding to different materials, each with unique material properties.

Unfortunately, copolymers are often rather expensive components. An-
other, cheaper, strategy for tuning the domain structure of blends takes
advantage of the fact that in many practical applications, polymeric blends
never reach thermal equilibrium on larger length scales. The morphology
of the blend strongly depends on the kinetics of phase separation. Finer
dispersed morphologies can be obtained by optimizing the processing condi-
tions [6, 7].

One of the most powerful methods to assess such phenomena theoretically
is the self-consistent field (SCF) theory. Originally introduced by Edwards [8]
and later Helfand et al. [9], it has evolved into a versatile tool to describe the
structure and thermodynamics of spatially inhomogeneous, dense polymer
mixtures [10-13]. The SCF theory models a dense multi-component polymer
mixture by an incompressible system of Gaussian chains with short-ranged
binary interactions and solves the statistical mechanics within the mean-field
approximation.

Much of the success of the SCF theory can be traced back to the extended
size of the polymer molecules.
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First, the large size of the chain molecules imparts a rather universal be-
havior onto dense polymer mixtures which can be characterized by only
a small number of coarse-grained parameters, e.g., the end-to-end distance
Re of the molecules, and the incompatibility per chain xN, where the Flory-
Huggins parameter x [14] describes the repulsion between segments belong-
ing to different components and N is the number of segments per molecule.
Re sets the characteristic length scale of spatial inhomogeneities. Since this
length scale is much larger than the size of the monomeric repeat units along
the backbone of the polymer chain, these systems can be described success-
fully by coarse-grained chain models. The parameters, Re and xN, encode
the chemical structure of the polymer on microscopic length scales. Indeed,
comparisons between the predictions of the SCF theory and experiments or
simulations have shown that the properties of many blends on large length
scales depend on the atomistic structure only via the coarse-grained param-
eters, R. and yN. The comparison works best if the parameters R. and x
are considered as “black box” input parameters. Their determination from
first principles or even from a well-defined microscopic model (e.g., atomistic
force fields), is a formidable theoretical challenge: Even in the simplest case,
the Flory-Huggins parameter x stems from small differences of dispersion
forces between the different chemical segments. The value of the end-to-
end distance R. of a polymer in a homogeneous melt results from a subtle
screening of excluded volume interactions along the chain by the surround-
ing molecules, and R, depends on the density and temperature. Thus x and
R cannot be calculated rigorously. If these coarse-grained parameters are de-
termined independently (e.g., by experiments) and used as an input, the SCF
theory is successful in making quantitative predictions.

These arguments rationalize the success of a coarse-grained approach. The
second reason for the success of the SCF theory, which is a mean-field theory,
is the fact that due to their extended shape, the molecules have many inter-
action partners. Let ¢ denote the polymer number density. The number of
molecules inside the volume of a reference chain is then given by v/ = gR?
(where d denotes the spatial dimension). This quantity measures the degree
of interdigitation of the molecules. In a dense three-dimensional melt, N is
proportional to the number of segments N per chain, and it is referred to as
the invariant degree of polymerization [15]. For systems which differ in &
but are characterized by the same xN and R, the SCF theory will make iden-
tical predictions. The quantity .V plays an important role as it controls the
strength of fluctuations.

In this contribution, we shall discuss improvements which incorporate
fluctuations into the SCF theory. Those fluctuations are particularly import-
ant (i) in the vicinity of phase transitions (e.g., the unmixing transition in
a binary blend or the onset of microphase separation in block copolymers)
or (ii) at interfaces, where the translational symmetry is broken and the



Fluctuations and Dynamics in Self-Consistent Field Theories 5

local position of the interface can fluctuate. Both types of fluctuations can
qualitatively change the behavior compared to the prediction of mean-field
theory. The outline of the manuscript is as follows: First we introduce the Ed-
wards model, which is employed as a coarse-grained description of a dense
polymer melt throughout the article. Then, we briefly summarize the SCF
theory for equilibrium properties and discuss various numerical strategies.
Subsequently, we proceed to discuss possibilities to go beyond the mean-field
approximation and obtain a description of the dynamics. Finally, we discuss
some selected applications and close with a brief outlook on interesting prob-
lems.

2
The Edwards Model for Polymer Blends

2.1
Gaussian Model

In dense binary blends, many of the interesting phenomena occur on length
scales much larger than the size of a monomeric unit. Hence, a theoret-
ical description can use a coarse-grained model, which only incorporates
the relevant ingredients that are necessary to bring about the observed uni-
versal behavior: chain connectivity and thermal interaction between unlike
monomeric units. The universal properties on length scales much larger than
the size of a monomeric unit do not depend on the details of these interac-
tions. One can therefore choose a convenient mathematical model, the Ed-
wards Hamiltonian [8], in which the local microscopic structure enters only
via three phenomenological parameters, Re, xN, and V.

In a dense melt, the excluded volume of the monomeric units is screened
and chains adopt Gaussian conformations on large length scales. In the fol-
lowing, we shall describe the conformations of a polymer as space curves
r(t), where the contour parameter 7 runs from 0 to 1. The probability distri-
bution #[r] of such a path r(z) is given by the Wiener measure

3] dr\?
r
_ d , 1
2R§/ (d) @
0

This describes the Gaussian chain conformations of a non-interacting chain.
It is characterized by a single length scale, R. which is the end-to-end distance
of the polymer chain. The structure is Gaussian on all length scales, i.e., the
model ignores the structure on short length scales [16]: Self-avoiding walk
statistics inside the excluded volume blob, rod-like behavior on the length
scale of the persistence length, and the details of the monomeric building
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units at even shorter length scales as well as long-ranged corrections to the
Gaussian behavior due to the screening of excluded volume interactions [17].
All this structure on the microscopic length scale enters the Gaussian chain
model only through the single parameter Re. This parameter (and its de-
pendence on the thermodynamic state, i.e., temperature, density or pressure)
cannot be predicted by the theory but is used as input. The Gaussian model
provides an appropriate description if the smallest length scale Ini, of in-
terest in the calculations is much larger than microscopic length scales. The
coarse-graining length scale /i, should be at least on the order of a few per-
sistence lengths. If this condition is violated, the Gaussian chain model can
produce qualitatively incorrect predictions (e.g., at low temperatures where
both the persistence length becomes large and the interface width becomes
small). In this case, other chain models have to be employed that take due
account of the local structure (e.g., the worm-like chain model [18], which
captures the crossover from Gaussian conformations at large length scales to
rod-like behavior on the length scale of the persistence length, or enumera-
tion schemes [19-22] which can deal with arbitrary chain architecture).

In the following we consider a polymer blend of homopolymers of species
A and B and/or copolymers containing both types of monomers. For simpli-
city, we assume that segments of type A and B are perfectly symmetric and
that all polymers have the same chain characteristics, in particular, the same
chain length. The generalization to more asymmetric situations is straight-
forward. We characterize the distribution of segments A and B along a chain
of given type J (corresponding to a A-homopolymer, a B-homopolymer
or an A: B block copolymer) by the segment occupation functions yjs(7),
via(7) [23], which take the value 0 or 1 and fulfill

via(t) +ym(r) =1 forallJand . (2)

Combining these with the chain conformations r(t), we can define a micro-
scopic density ¢, (r) for segments of type « = A or B

1
S Qe
ba= > / dr 8(r - 1i,(1)yya() - (3)
]

ij=1 0

Here the sum 7; runs over all n; polymers of type J, and r;(r) denotes the
conformation of the i}h polymer. The segment density is normalized by the
polymer number density, 0 = ) |; n;/V (V being the volume of the system).
In addition to the chain connectivity, the coarse-grained model has to
capture the interactions between segments. In general, a compressible bi-
nary polymer mixture [24] exhibits both liquid-liquid immiscibility as well as
liquid-vapor type phase separation (cf. Polymer+solvent systems: Phase dia-
grams, interface free energies, and nucleation in this series). In the following,
however, we only regard liquid-liquid unmixing into A-rich and B-rich phases
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or microphase separation into domains comparable in size to the molecular
extension.

To describe the interaction in the polymer liquid, the interaction po-
tential between segments can be decomposed in a short-ranged repulsive
part and a longer-ranged attractive part (e.g., using the Barker-Henderson
scheme [25] or the Weeks—Chandler-Anderson decomposition [26]). The
short-ranged repulsive contribution determines the packing and structure of
the fluid. The length scale of fluctuations in the total density is set by the ex-
cluded volume correlation length, &y, which also sets the length scale below
which the chain conformations do not obey Gaussian but rather self-avoiding
walk statistics. In a dense melt, & is a microscopic length scale. On length
scales larger than &, density fluctuations have already decayed, i.e., the fluid
is incompressible. For &y < Imin, we can represent the effect of the short-
ranged repulsive interactions by an incompressibility constraint:

Pa(r) + dp(r) =1 (4)

where we have assumed that both segments occupy identical volumes. Of
course, this incompressibility constraint can only be enforced after the
coarse-graining procedure, i.e., on length scales larger than &,. The short-
ranged repulsive interactions, hence, do not enter the Edwards Hamiltonian
explicitly but only via the number density of polymers o. The dependence of ¢
on the thermodynamic state (i.e., the temperature, pressure, and composition
of the mixture)—the equation of state—is not predicted by this computa-
tional scheme.

The longer-ranged attractive interactions between the segments do not
strongly influence the local fluid structure but drive the phase separation.
Again we assume that the range of the attractive interactions is small com-
pared to the smallest length scale I, of interest in our calculations. Then, the
detailed shape of the longer-ranged potential does not matter either, and we
can represent the interactions as zero-ranged. By virtue of the incompressibil-
ity constraint, there is only one independent bilinear form of densities and so
we use as interaction free energy the expression

ksToxN / &g (M) 5)

The combination of the Flory-Huggins parameter and chain length, xN, pa-
rameterizes the whole of the subtle interplay between liquid-like structure
of the polymeric liquid and the small differences in the attractive interac-
tions between segments of different types. It is worth noting that the Flory-
Huggins parameter for neutral polymers without specific interactions is on
the order 107* - 1072 [27], while the strength of the attractive interactions in
the fluid are of the order 1 kgT. Hence the x parameter, which describes the
difference in attractive interactions between the species, arises from a strong
cancellation. Small changes in the thermodynamic state perturb this balance.
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As a result, the x-parameter depends on the temperature, pressure and com-
position, as it is often observed in experiments.

Within the coarse-grained model the canonical partition function of
a polymer mixture with n; chains of type J takes the form:

Z~ /l_[ D[ri]P[ri] exp [ /derN¢A¢B] 8(gpa +dp-1) (6)
H] ny!

N XN
/1_[1_[50 ri)P[r;] exp[ J4Rd /ddr(tb ) }

] =1
X exp [ 4Rd /ddr(¢A + ¢p) } 8(da + Pz -1)

The product [[; runs over all n =" n; chains, and the functional integral
D[r;] sums over all possible conformations of the chain i. Within the Edwards
Hamiltonian, the system is thus described by the following parameters: x N
describes the incompatibility of the different polymer species, R. sets the size
of the molecules, N is the invariant chain length, which describes the degree
of interdigitation of the molecules, ¢; = n;/0oV is the average density of type
J, and yj,(7) the distribution of segments along the molecules of type J. The
quantity NV sets the scale of the free energy but does not influence the SCF
solution (i.e., the location of the extrema of the free energy, see Sect. 3).

2.2
Hubbard-Stratonovich Transformation and Fluctuating Fields

The partition function Eq.6 describes asystem of mutually interacting
chains. Introducing auxiliary fields, U and W, via a Hubbard-Stratonovich
transformation, one can decouple the interaction between the chains and
rewrite the Hamiltonian in terms of independent chains in fluctuating fields.
Then, one can integrate over the chain conformations and obtain a Hamil-
tonian which only depends on the auxiliary fields. Thermodynamic averages
like density or structure factors can be expressed as averages over the fields,
U and W, without approximation.

In the following we introduce a minimal transformation to decouple the
interactions between polymer chains. Two different schemes have to be em-
ployed for the thermal interactions between the monomers and the incom-
pressibility constraint. For the thermal interactions which give rise to the
term (<]3A - q33)2 in the Hamiltonian, we use the Hubbard-Stratonovich for-

mula
+00

27 _ 1 d ),2 7
exploax ]_2\/7ra/ ly exp |:— (4a +xy)} (7)
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at each point in space and identify x = ¢4 - ¢p, y = 0W/2, and o = v/ N xN/
4RY. This introduces a real auxiliary field W.

To rewrite the incompressibility constraint, we use the Fourier representa-
tion of the §-function:

+00

S(x-1)= 2; / dy exp [— iy(x - 1)] (8)

-0

using x = ¢4 + ¢p and y = oU/2. This introduces a real auxiliary field U.

The field W, which couples to the composition of the mixture, gives rise to
a real contribution in the exponent, while the field U, which enforces incom-
pressibility, yields a complex contribution.

We note that this complex term cannot be avoided easily. Replacing the
incompressibility constraint by a finite compressibility

QNI; /ddr(qu +Pa - 1) 9)

where « denotes the isothermal compressibility of the polymer liquid, and
performing the appropriate Hubbard-Stratonovich transformation would
also introduce a complex term in the exponential (cf. Sect. 4.4.2).

Using these two expressions we can rewrite the partition function exactly

as
1 VxN
Z~ ! /U@[ri]?[ri]i)U[r]i)W[r] exp [- © 4X } (10)
w: ow., iv, ,
X exp [-Q/ddr{4XN+ , @a-o8)+ (¢A+¢B—1)”
41U, W]
/J)U@Wexp |:— ks T S
which defines a Hamiltonian ¢ [U, W] [28, 29] for the fields U and W,
2
?’[U) W] __ Z(JS]IH VQ[WAa WB] + 1 /ddr w . (11)
VNksT(V/RY) %5 ny 14 4N

Here Q;[ W4, W3] denotes the partition function of a single non-interacting
Gaussian chain of type J

a=A,B

B 1
QIwa Wsl =, [ DInPIexp | - [ar 3 Wt | (2)
L O

= ‘l//‘D[r]JP[r] exp | - ‘l//ddr; Wa(r)é&s;(r)} (13)
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in the fields
iv+w iv-w
Wy = Wg = ) (14)
2 2
Here we have normalized Q; by the volume V in order to make the trivial
contribution of the translational entropy explicit. The dimensionless, micro-

scopic single chain density is defined as

=V / des(r - r(1)) (15)

where o = A or B describes the segment species and J denotes the type of
polymer. In Eq. 11, we have omitted a term - (1/2V) [ d% (iU - xN/2) . This
is legitimated by the fact that G[U, W] is invariant under adding a spatially
constant (real or imaginary) field AU to U. Therefore, we can fix

1 d.. _ XN
V/d riU(r) = 5 (16)

To calculate the single chain partition function Qy, it is useful to define the
end segment distribution, gj(r,t), which describes the probability of find-
ing the end of a chain fragment—containing the segments [0 : ¢] and being
exposed to the fields Wy (« = A, B) —at position r [9]:

qy(r;t) = / DIr]P[r16(r(2) - r)eJo 47 Xa Walr()a() 17)
Similarly, we define
q] (1", t) / ﬂ) 8(1‘(1’) - r) e /t dr Za Wa(’(f)))’]a(f) (18)

The end segment distributions obey the following diffusion equation [9]

agy(r, R?
q}(;: ) _ 6e Vigi(r,t) = Y Wa(r)yu(t)qy(r, 1) (19)
a=A,B
dgf(r,t) R?
_ q]8: 6ev2 T( t) - Z ch(r))/]a(t)q](r,t) (20)
a=A,B

with the boundary condition gj(r,0) = 1 and q](r, 1) =1, i.e,, the beginning
of the chain fragment is uniformly dlstrlbuted For homopolymers the two
propagators are related via g;(r, 1) = q; T(r,1 - ). The solution of these equa-
tions yields the single chain partition function:

1 1 1
=, f dirgyr,)= / dirg(r,0)= / d?rqy(r,0)q] (r,1) Vi
(21)
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We note that the fluctuations in the spatially homogeneous component W =
(1/Vv) f d9rW of the field W are strictly Gaussian. To show this, we decom-
pose W =W + W’ and obtain:

glo,wl  _ glu,w]
VNkgT(V/RE) ~/ NkgT(V/R9)

_ _ _ N _ _
[W+ xN($a - $5)] - X4 (64 - 5)?

(22)

+
4xN

The only effect of a spatially homogeneous field acting on A-segments or
B-segments is to introduce additional contributions to the chemical potentials
pj—quantities which are immaterial in the canonical ensemble.

By the Hubbard-Stratonovich transformation we have rewritten the par-
tition function of the interacting multi-chain systems in terms of non-
interacting chains in complex fluctuating fields, iU + W and iU - W. In field
theoretical polymer simulations, one samples the fields U and W via com-
puter simulation using the above Hamiltonian (cf. Sect. 4.4).

To calculate thermal averages of da(r) - dp(r) we introduce alocal ex-
change potential, Ay, that couples to the local composition, da - ¢z [29]:

Z[A Dri]P[ri]DU[r]DW 23
[Au]~ n]m/l_[ (1P 1] DU DWIr] (23)
2 .
XeXP[ /dd { v + W+AM(¢A $5) + 1;] (¢3A+¢3B)”
- %[U,W,Au]
/@U@Wexp [— ksT }

The free energy functional $[U, W, Au] takes the form

GlU, W, Ap] - VQLGU+ W+ Ap), ,(iU-W - Ap)]
=- 1
\/d\?kBT(V/Rg) 2}:¢] " ny

1 w?

+ / dr
vV 4xN

I UAT
Vv NkgT(V/R9) 4xNV
where we have changed the dummy field W to W + Ay in the last step. Dif-

ferentiating Eq. 24 with respect to Ap(r) we obtain:

2 1 SZ[Au]
o Z[Au] 8Au(r)

(24)

/ dr(Ap? - 280 W)

=- (W) (25)

(@a(r) - ¢p(r)) = - pco AN

This expression relates the thermodynamic average of the composition dif-
ference to the average of the real field W. Similarly, one can generate higher
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moments of the composition:
1 82Z[Ap]
2 Z[A] SAU(SAW(F) | A, =
2R45(r-7') . (W(E)W(r))
VN XN (xN)?

The two expressions Egs. 25 and 26 allow us to calculate the physically im-
portant thermodynamic average of the microscopic densities and their fluc-
tuations from the thermodynamics average and fluctuations of the field W.
Although the Hamiltonian §[U, W] is complex, the thermodynamic average
of the microscopic densities and their fluctuations can be expressed in terms
of the real field W [29].

Alternatively, one can calculate the average of the microscopic densities
from Eq. 24 and obtain

(Pa(r) - Pp(r)) = (@5 [Wa, Wg] - ¢5[Wa, Wg]), (27)

where the ¢} (o = A, B) are functionals of Wy = (iU + W)/2 and Wg = (iU -
W)/2 (cf. Eq. 14) given by

([$a(r) - dp(N][Pa(r) - $p(r)]) = (26)

Gr(r) = Z ](SIn VQj[Wy, Wa] (28)

SWy(r)

_y g,/ P2l e—vfder WeFDY [ drs(r - 1(1))ya(0))
J [ DIFPlrle v ] 4 Ta Wandion

=Y F(der) . (29)
J

This equation identifies ¢} as the density of a-segments created by a single
chain in the external fields W4 and Wp, averaged over all polymer types J.
(We note that the average normalized microscopic density of a single chain
in (%) in a volume V is independent from V, cf. Eq. 14.) The thermody-
namic average of the composition is simply the Boltzmann average of the
corresponding single chain properties averaged over the fluctuating fields.
The functional derivatives ¢ (r) and ¢j(r) can be calculated using the end-
segment distribution functions, g;(r, ) and g; (1), according to:

5= b, / digy(r, 0] Dy1al0) (30)
J 0

While the thermodynamic average of the microscopic composition ¢, equals
the average of the functional ¢} over the fluctuating fields W4 and Wp, or,
alternatively, U and W, such a simple relation does not hold true for the fluc-
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tuations. Taking the second derivative with respect to Au, we obtain:

([Pa(r) = dp(D[da(r) - dp(r)]) = ([P} (r) - P[5 (F) - p3()]) (31)
R4 <8¢:1;(r) 8¢(r)
- +
VN \SWa(r) ~ SWp(r')
SgE() sgn)
SWg(r') Wa(r)

The fluctuations of the physically relevant microscopic monomer densities,
b4 and ¢p, and the fluctuations of the Boltzmann averaged single chain prop-
erties, ¢} and ¢, due to fluctuations of the fields U and W are not identical.
The additional term accounts for the single chain correlations [30]:

Re (fv";‘;g?) Z 2 (G mdEE - B G50 (32)
We emphasize that the additional term due to single chain correlations is of
the same order of magnitude as the fluctuations of the physically relevant
microscopic monomer densities. We shall demonstrate this explicitly in the
framework of the Random-Phase Approximation (RPA) in Sect. 4.2.

To calculate thermal averages of da(r) + dp(r) we introduce a spatially
varying total chemical potential 6u

~ 1
Zo~ / U@[rimn]m[ﬂ@wu} (33)
2 . N b}
X exp [—Q/ddr{4¥N+ vzv(qu—ch) U+ o (¢A+¢B)”

N/QUi)Wexp [— g[U;(M;SM]]
B

Similar to Eqs.24 and 25 we can rewrite the free energy functional 4[U, W, §u]
as:

glu,W,ul _ gIUWL 1 /ddrﬁ,u (34)

VNksT(V/RE) kaT(V/Rd> 2V
——Zqﬁ] ln /dd w2 (35)

The first derivative wrt §iu yields the average of the local monomer density

.\ X 21 8Z[8u] e
(Pa(r) + ¢p(r)) = - Z(5y1) 5531(r) |y (P4 + &B) (36)

=1 (37)
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The second derivative yields the density fluctuations:

4 1 8*Z[8u]

([04(0) + EMIPAl) + @O = 3706 1 s50r)880(r)

Su=0
= ([¢5(r) + o5 [P5() + ¢(F)])
RY [ 8pi(r)  Spi(r)  Spi(r)  Sph(r)
T U <8WA<r/> *swar) Fowgry awA(r/)> (38)
=1 (39)

Note that the last contribution in the equation above is similar to the sin-
gle chain correlations in Eq. 31. The incompressibility constraint is enforced
on the microscopic density ¢4 + ¢p. At this stage, ¢ and ¢} are only aux-
iliary functionals of the fields U, W, which are proportional to the density
distribution of a single chain in the corresponding external fields.

3
External Potential (EP) Theory and Self-Consistent Field (SCF) Theory

The reformulation of the partition function in terms of single chains in the
fluctuating, complex fields W4 = (iU + W)/2 and Wp = (iU - W)/2 is exact.
The numerical evaluation of the functional integral over the fields U and W
is, however, difficult (cf. Sect. 4.4), and various approximations have been de-
vised.

The functional integral over the fluctuating field U, conjugated to the total
density, can be approximated by the “saddle point”: The integrand evaluated
at that function U*[W] which minimizes the free energy function 4[U, W].
Carrying out this saddle point integration in the field U, we obtain a free
energy functional #[W]. In the following we denote this approach external
potential (EP) theory following Maurits and Fraaije who derived the sad-
dle point equations heuristically [31]. This scheme still retains the important
fluctuations in the field W, conjugated to the composition. Using an ad-
ditional saddle point approximation for W, we neglect fluctuations in the
composition and we arrive at the self-consistent field theory.

3.1
External Potential (EP) Theory: Saddle Point Integration in U

The fluctuations described by the two fields, U and W, are qualitatively differ-
ent. This is already apparent from the fact that one, U, gives rise to a complex
contribution to the field that acts on a chain, while the other, W, corresponds
to a real one. The field U couples to the total density ¢4 + ¢p and has been
introduced to decouple the incompressibility constraint. Qualitatively, it con-
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trols the fluctuations of the total density, and it does not directly influence the
expectation value or the fluctuations of the composition ¢4 - ¢5.
The saddle point value U* is given by the condition:

SGIU*, W]
sU

Instead of enforcing the incompressibility constraint on each of the micro-
scopic conformations, we thus only require that the single chain averages in
the external field obey the constraint. We recall that the ¢ are functionals
of Wy = (iU + W)/2 and Wp = (iU - W)/2 (cf. Eq. 28), thus Eq. 40 implicitly
defines a functional U*[W]. Substituting the saddle point value into the free
energy functional (Eq. 11), we obtain an approximate partition function

=0 = ¢i+ep=1. (40)

H[W]
Zgp~ | DW - 41
EP / exp [ ks T } (41)
with the free energy functional
H[W Us,w
(W] Al ] (42)

JNksT(V/RY) v/ NksT(V/RE)
2
=_Zq§]1n Y + ! /ddr v
; no Vv 4N

At this point, one has two possible choices for calculating the thermodynamic
averages of the microscopic composition [29]:

1. Although one performs asaddle point approximation in U, one can
use the expressions Eq. 25 and Eq. 26, which relate the average of the
field W and its fluctuations to the average and the fluctuations of the
microscopic composition. The crucial difference is, however, that the fluc-
tuations of the field W are now governed by the Hamiltonian #[W] of the
EP theory and not by the exact Hamiltonian §[U, W]. If the saddle point
approximation is reliable, §[U, W] will be well described by a parabola in
U - U*[W], the fluctuations in U will be nearly Gaussian and will hardly
influence the fluctuations of W. Therefore, the fluctuations of W generated
by the Hamiltonian #[W] of the EP theory closely mimic the fluctua-
tions of the field W corresponding to the exact Hamiltonian 4[U, W], i.e.,
(W(r)W(r'))gp = (W(r)W(r')). By the same token, using Eq. 26, we en-
sure that the composition fluctuations in the EP theory closely resemble
the exact thermodynamic average of fluctuations of the microscopic com-
position.

2. One can introduce a spatially varying exchange potential §u and calculate
the thermodynamic averages with respect to the free energy functional
H[W] of the EP theory. This leads to expressions similar to Eq. 27 and
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Eq. 31:
(Pa(r) - p(r))Ep = (B} - D5)EP (43)
([Pa(r) - pp()][Pa(r') - dp(r)])Ep (44)

= (¢4 (r) - 9514 (r) - P5(r)])ep

R <8¢;§(r) L 5 8gEn 5¢§(r>>
VN \SWa(r)  SWp(r) SWg(r) SWa(r)[gp

We refer to the last expression as the literal composition fluctuations in
the EP theory. Likewise, one can use the functional derivative with respect
to a spatially varying chemical potential 81, which couples to ¢4 + ¢p, to
calculate the literal average of the total density.

(Pa(r) + dp(r))Ep = (¢} + ¢5)Ep =1 (45)

For the literal fluctuations of the total density in the EP theory (cf. Eq. 38)
one obtains:

([a(r) + dp()][Pa(r) + dp(r)])Ep (46)
= (£¢f1(r) + ¢§(f)l£¢j§(r’) + ¢§(r/)l>EP
=1 =1
R <8¢:;<r> RO GO a¢j§(r)>
VN \SWa(r')  SWa(r)  SWg(r) SWalr)[ep

This demonstrates that the saddle point approximation in U enforces the
incompressibility constraint only on average, but the literal fluctuations of
the total density in the EP theory do not vanish.

Unfortunately, the two methods for calculating composition fluctuations
yield different results. Of course, after the saddle point approximation for the
field U it is not a priori obvious to which extent the EP theory can correctly
describe composition fluctuations. In the following we shall utilize Egs. 25
and 26 to calculate the thermal average of the composition and its fluctuations
in the EP theory. As we have argued above, these expressions will converge to
the exact result if the fluctuations in U become Gaussian.

3.2
Self-Consistent Field (SCF) Theory: Saddle Point Integration in U and W

In the self-consistent field (SCF) theory one additionally approximates the
functional integral over the field W by its saddle point value. Using the func-
tionals

LW, Wil = 6 [;(iU*[W] W), ;(iU*[W] - W)}
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(cf. Eq. 28), the derivative of the free energy functional #[W] (Eq. 42) can be
written as

SHIW] _ ~NksT W+ xN(5 - ¢3) @)
SW(r) R4 2xN

where we have used the convention (Eq. 16). Therefore, the saddle point con-

dition simply reads:

W*(r) = - xN(¢} - ¢5) (48)

where ¢} and ¢} are functionals of the fields U and W.

The two Egs. 40 and 48 define a self-consistent set of equations for the
two fields W* and U*. Knowing the fields W* and U™, one can calculate the
thermal average of the microscopic composition via:

. wEoL
(A - PB)scr =- AN =@, - dp (49)

33
Alternative Derivation of the SCF Theory

The SCF equations are often derived in a slightly different way by additionally
introducing auxiliary fields also for the microscopic densities. For complete-
ness and further reference, we shall present this derivation here.

The starting point is the partition function, Eq. 6. Then, one proceeds to
introduce collective densities @, @p, fields 24, £25, and a pressure field U to
rewrite the partition function in the form:

Z~ H] " /Hi)[rl]./ [ri]|DP4 DD (50)
X exp [- 0 / ddr XN@A@B] 8(Pa + Pp-1)8(Pa - pa)s(Pp - dp)
1

~ /H@[r,]d [ri]DPADDPED R4 D2 DU
YRUA

X exp |:— Q / ddr{XNQDA@Bi;] (@A + @p - 1) }]
X exp [—Q/ddr{ +1i824 ((ﬁA - @A) +i02p ((ﬁB - ¢B) }i|

f[q)A’ d)B) QA) QBa U] ]

~/$¢A$¢B$QA$QB$UCXP [— T
B
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where we have used the Fourier representation of the §-functions. The free
energy functional ¥ [®y4, @p, 24, §2p, U] is given by:
F (D4, Pp, 24, §28, U - VQ[i824,182
(P4, D3, 24, 28 ]=-Z¢]ln Qy[i824,1828]
; n

51
vV NkgT(V/Rd) i Gy

1 d iu . .
+ v d“r XNCDA¢B+ ) (¢A+€DB—1)—1.QA¢A—1.QB€DB
The saddle point approximation of the partition functions yield the SCF the-

ory. Let us first make the saddle point approximation in the fields. Like before,
we denote the values of the fields at the saddle point by an asterisk.

SF 1 8Q
=0 D =— \%4 = o* 52
52, = 4 ;%] sio, =% (52)
SF 1 8Q
=0 = ®p=-) 1% = ¢*
5525 B - 9 Q  8is2 Z
F 0 o datd=1
SU_ A B —

Note that the saddle point values, i§2 and i$2j are real. These equations cor-
respond to Eq. 40. Inserting these saddle point values into the free energy
functional, we obtain a functional that depends only on the composition @4:

F*[P4]
VNkgT(V/RY)
_ ‘?'[q)A) 1- ¢A) Qza an U*]
B vV NkgT(V/RE)
_ 24_5] In VQ][IQA[QD:]], i25[Pal]

(53)

J
1
+ V/ddr{de5A (1-@y) - i2;[PalPa - i25[Pal(1 - D4)}

This functional can be used to investigate the dynamics of collective compo-
sition fluctuations (cf. Sect. 5). If we proceed to make a saddle point approxi-
mation for the collective density @4, we arrive at

FH[@4]
0Dy
which is equivalent to Eq. 48 when we identify W* = i$2} - i$2},.

=0 = (82 -2+ xN(@; - D) =0 (54)
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34
Numerical Techniques

Both in the SCF theory and in the EP theory the central numerical task is
to solve a closed set of self-consistent equations one or many times. This is
usually achieved with the following general scheme:

0. Make an initial guess for the fields U or (W, U).

1. From the fields, calculate the propagators q and g* (Egs. 19 and 20).

2. From the propagators, calculate a new set of fields.

3. Mix the old fields and the new fields according to some appropriate pre-
scription.

4. Go back to (1). Continue this until the fields have converged to some value
within a pre-defined accuracy.

The numerical challenge is thus twofold. First, one needs an efficient iteration
prescription. Second, one needs a fast method to solve the diffusion equation.
We will begin with presenting some possible iteration prescriptions. Our
list is far from complete. We will not derive the methods, nor discuss the nu-
merical background and the numerical stability. For more information, the
reader is referred to the references.
We consider a general non-linear set of equations of the form

gx)=x. (55)

The value of x after the n'™ iteration step is denoted x,,.

One of the most established methods to solve non-linear systems of equa-
tion, which has often been used to solve SCF equations, is the Newton-
Raphson method [32]. In this scheme, one calculates not only g(x,) for
a given x,, but also the whole Jacobian matrix G, = gf, The (n + 1) iteration
is then given by

Xn+l = Xp + [I_Gn]_l(g(xn)_xn)- (56)

If this method converges at all, i.e., if the initial guess is not too far from the
solution, it usually requires very few iteration steps. Unfortunately, it has the
drawback that the Jacobian must be evaluated in every iteration step. If one
has m independent parameters (fields), one must solve 2m diffusion equa-
tions. Therefore, the method becomes inefficient if the number of degrees of
freedom m, i.e., the dimension of x, is very large.

To speed up the calculations, one can use the information on the Jaco-
bian from previous steps and just iterate it. This is the idea of Broyden’s
method [32] and other gradient-free methods [33]. Given the Jacobian G, for
one step, the Jacobian for the next step G,4; is approximated by

[5gn - Gp0xy] Sx. = [g(xn+1) - Xn+1]

Gui1 -Gy~ =
rL T (8xn)? " (8xn)?

® Sxp (57)
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Here we have used the short notation 8x, = x,4+1 - x, and 8¢, = g(xn+1) -
g(x,), and ® denotes the tensor product. The full Jacobian has to be calcu-
lated in the first step, and must possibly be updated after a number of steps.
The method is a major improvement over Newton-Raphson but it still re-
quires the evaluation of at least one Jacobian.

A very simple scheme which uses little computer time for one iteration is
simple mixing. The (1 + 1)™ guess x,,4 is simply given by

Xn+1 = Xn + A(g(x1) — Xn) (58)

with some appropriate A. Single iterations are thus cheap, but the method
does not converge very well and many iteration steps are needed. The optimal
values of A have to be established empirically (typically of the order of 0.1 or
less).

The simple mixing method can be improved by using information from
previous steps to adjust A. For example, the results from the two previous
steps can be used to determine a new value for ), at every step [34]

Ay = \/ (xp — Xp-1)? (59)

(g(xn) - Xy — g(xn-1) + xn-1)%

A more systematic approach is “Anderson mixing”, which is another standard
method to solve systems of non-linear equations in high dimensions [35-37].
From the remaining deviations d, = g(x,) - x,, after n steps, one first deter-
mines

Uij = (dp - dp-i)(dy - dn—j) (60)
Vj = (dn - dn—j)dn (61)
and then calculates
xﬁ =Xn t Z Uij_1 Vj(xn—i - Xn) (62)
ij
g =8xn) + > Uy Vi(g(xn-i) - g(xn)) . (63)

]

In the original Anderson mixing scheme, the (1 + 1) guess x,,4; is given by
Xn+1 = g4, More generally, the method can be combined with simple mixing

Xne1 =X + 1 (g4 - xh) . (64)
This summarizes some methods which can be used to solve the self-consistent
equations.

Regardless of the particular choice, the single most time-consuming part
in every SCF or EP calculation is the repeated solution of the diffusion equa-
tion (Egs. 19 and 20). Therefore, the next task is to find an efficient method to
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solve equations of the type

aq(r,r) _R2
3 T e Aq(r,t) - W(r)q(r,t) . (65)

with the initial condition g(r, 0) = 1. Unfortunately, the two terms on the right
hand side of this equation are incompatible. The Laplace operator A is best
treated in Fourier space. The contribution of the field W(r) can be handled
much more easily in real space.

In SCF calculations of equilibrium mean-field structures, it is often con-
venient to operate in Fourier space, because crystal symmetries can be ex-
ploited. Relatively few Fourier components are often sufficient to characterize
the structure of a phase satisfactorily. In Fourier space, Eq. 65 turns into a ma-
trix equation

aq(k, t)

= A /)
Y > Apr (g, 1) (66)
kK
with
RZ
App = 6ek25k,k/+W(k,k’) (67)

and the initial condition q(k, 0) = 5(k, 0). The formal solution of this equation
is

q(k, 1) = "[exp(- ANl q(K’,0) . (68)
k/

It can be evaluated by diagonalizing the matrix A. The approach has the ad-
vantage that the diffusion equation is solved exactly in time, i.e., one has
no errors due to atime discretization. Unfortunately, the efficiency drops
rapidly if the number of Fourier components and hence the dimension of the
matrix A is very large. This hampers studies of fluctuations and dynamic phe-
nomena, because one can no longer exploit crystal symmetries of the bulk
structure to reduce the number of variables. It is also an issue in SCF calcu-
lations if the symmetry of the resulting structure is not known a priori [38].

Therefore, real space methods have received increased interest in recent
years [38]. In real space, the number of degrees of freedom m can be in-
creased more easily (the computing time typically scales like m or mInm).
However, the time integration of the diffusion equation can no longer be per-
formed exactly.

Several different integration methods are available in the literature. Many
of them approximate the effect of the Laplace operator by finite differ-
ences [32,39]. Among the more elaborate schemes of this kind we mention
the Crank-Nicolson scheme [32] and the Dufort-Frankel scheme [39].

In our own applications, we found that a different approach was far
superior to finite difference methods: The pseudo-spectral split-operator



22 M. Miiller - F. Schmid

scheme [40, 41]. This method combines Fourier space and real space steps,
treating the contribution of the fields W(r) in real space, and the contribu-
tion of the Laplace operator in Fourier space. In that approach, the dynamic
evolution during a single discrete time step of length /4 is formally described

by

q(r,t+h)= e W(h/2 gha e"w(r)h/zq(r, t), (69)

where the effect of the exponential exp(hA) is evaluated in Fourier space. Tak-
ing as the starting point a given q(r, t), the different steps of the algorithm
are

1. Calculate g'(r, t) = exp(- W(r)h/2)q(r, t) in real space for each r.

2. Fourier transform ¢'(r, t) — ¢q'(k, t).

3. Calculate q"(k, t) = exp(- hA)q'(k, t) = exp(- h(27rk/L)d)q’(k, t), where d
is the dimension of space and L is the system size.

4. Inverse Fourier transform q”(k, t) — q”(r, t).

5. Calculate g(r, t + h) = exp(- W(r)h/2) q"(r, t) in real space for each r.

6. Go back to 1.

The algorithm thus constantly switches back and forth between the real space
and the Fourier space. Even if this is done with efficient Fast Fourier Trans-
form (FFT) routines, a single time step takes longer in this scheme than
a single time step in one of the more efficient finite difference schemes. More-
over, the computing time now scales mlogm with the system size, instead
of m. Nevertheless, we found that this is more than compensated for by the
vastly higher accuracy of the pseudo-spectral method, compared to finite dif-
ference methods. In order to calculate g(r, t) with a given numerical accuracy,
the time step h could be chosen an order of magnitude larger in the pseudo-
spectral method than, e.g., in the Dufort-Frankel scheme [42].

3.5
Extensions

In order to make a connection to the experiments a variety of extensions to
the Gaussian chain model have been explored. Often it is desirable to include
some of the architectural details for a better description on the length scale
of the statistical segment length. Of course, the Gaussian chain model is only
applicable if the conformational statistics on the length scale on which the
composition varies is Gaussian. At strong segregation, N > 1, or at surfaces
to substrates or to vapor/vacuum, this assumption is often not fulfilled.

The crossover from the Gaussian chain behavior on large length scales
to the rod-like behavior on the length scale of the statistical segment length
can be described by the worm-like chain model [18]. In this case, the end-
segment distribution q depends both on the spatial coordinate r as well as on
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the orientation u, defined by the tangent vector of the space curve at position
r [43, 44].

While the worm-like chain model still results in an analytical diffusion
equation for the propagator, the structure of a polymer in experiments or
computer simulation models is often not well-described by rod-like behavior.
In order to incorporate arbitrary chain architecture and incorporate details
of the molecular structure on all length scales, the sum ( f D1[R]1P1[R]) over
the single chain conformations can be approximated by a partial enumera-
tion over a large number of explicit chain conformations [19, 21,22, 45, 46].
Ideally they have been extracted from a computer simulation of the liquid
phase, or they are obtained from a molecular modelling approach. Typically
10°-107 single chain conformations are employed in one-dimensional cal-
culations. The longer the chains and the stronger the changes of the chain
conformations due to the spatially inhomogeneous field, the more conforma-
tions have to be considered. The sample size should be large enough so that
sufficient chains contribute significantly to the Boltzmann weight. The enu-
meration over the chain conformations is conveniently performed in parallel.
To this end a small fraction of single chain conformations is assigned to each
processor. Then, each processor calculates the Boltzmann weight of its con-
formations, the corresponding density profile, and the weight of its fraction
of chain conformations. Subsequently, the total density profile is constructed
by summing the weighted results of all processors. Typically, 64 or 128 pro-
cessors are employed in parallel and a SCF calculation of a profile takes a few
minutes on a CRAY T3E. As it is apparent, the detailed description of chain ar-
chitecture comes at the expense of a large increase in computational demand.

Also, in addition to the zero-ranged repulsion between unlike species,
other interactions can be included into the theory. In order to capture some
fluid-like correlations and describe the details of packing in the vicinity of
surfaces weighted density functionals have been used successfully [21].

Electrostatic interactions have been included into the theory. This is im-
portant for tuning the orientation of self-assembled structures in block
copolymers [48], and also to describe biological systems [48].

4
Fluctuations

4.1
Examples of Fluctuation Effects and the Role of N

From the general expression of the free energy functional (Eq. 11), we infer
that the parameter combination kg T~/ N sets the scale of free energy fluctua-
tions in a volume comparable to the size of the chain extension. Generally, if
N is large, thermal fluctuations will not be important, and the self-consistent
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field theory will provide an adequate description. Qualitatively, the quantity
N describes how strongly the molecules interdigitate: Fluctuation effects de-
crease with increasing number of interaction partners per molecule. There
are, however, important exceptions where fluctuations change the qualitative
behavior. Some examples of fluctuation effects in dense multicomponent mix-
tures shall be briefly mentioned:

(1) Unmixing transition in binary homopolymer blends.

In the vicinity of the critical point of a binary mixture one observes universal
behavior, which mirrors the divergence of the correlation length of compo-
sition fluctuations. The universal behavior does not depend on the details of
the system but only on the dimensionality of space and the type of order pa-
rameter. Therefore, binary polymer blends fall into the same universality class
as mixtures of small molecules, metallic alloys, or the three-dimensional Ising
model. In the vicinity of the critical point, x.N = 2 for a symmetric blend [14],
the difference of the composition of the two coexisting phases—the order
parameter m—vanishes like m ~ (xN - x.N )8, where the critical exponent
B =0.324 is characteristic of the 3D Ising universality class. This behavior is,
however, only observable in the close vicinity of the critical point [49]

|XN = xcN|
XN

t

. 1
<L Gi~ N (70)

Fluctuations also shift the location of the critical point away from the predic-

MF
tion of the mean-field theory, lchgﬁg N /Gi~ \/IN [45, 50]. Outside the

region marked by the Ginzburg criterion (Eq. 70), fluctuations do not change
the qualitative behavior. In the limit of large , the region where fluctu-
ations dominate the behavior becomes small. The cross-over from Ising to
mean-field behavior as a function of chain length has attracted much experi-
mental [51] and simulational interest [52, 53].

(2) Fluctuations at the onset of microphase separation.

In case of diblock copolymers, the ordering is associated with composition
waves of a finite periodicity in space. In contrast to homopolymer mixtures,
not long-wavelength fluctuations are important but those with wavevectors
that correspond to the periodicity of the ordering. For symmetric block
copolymers one finds a fluctuation-induced first order transition (Brazovskii
mechanism [54]) and the shift of the transition temperature is [55]

N = )M+ 41022872 with  xMF =10.495 (71)

(3) Capillary waves at the interface between two homopolymers.

If the systems contains interfaces, the local position of the interface can fluc-
tuate. These capillary waves increase the area of the interface, and the free en-
ergy costs are proportional to the interface tension y [56]. Long-wavelength
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fluctuations are easily excited and influence measurements of the interfacial
width w in experiments or computer simulations [57]. The resulting “appar-
ent width” w
w? w% kgT L
= + In_,
R2 R 47yR2 B

e

(72)

depends on the lateral length scale L on which the interface is observed. By
denotes a short-length scale cut-off on the order of the intrinsic width wy pre-
dicted by the self-consistent field theory [58]. Since yR? is proportional to
VN, the capillary wave contribution to the apparent interfacial width, meas-
ured in units of R, scales like 1/+/N [59].

(4) Formation of microemulsion-like structure in the vicinity of Lifshitz points
Capillary waves do not only broaden the width of the interface but they
can also destroy the orientational order in highly swollen lamellar phases
(see Fig.1 for a phase diagram extracted from Monte Carlo Simulations).
Those phases occur in mixtures of diblock-copolymers and homopolymers.
The addition of homopolymers swells the distance between the lamellae, and
the self-consistent field theory predicts that this distance diverges at Lifshitz
points. However, general considerations show that mean-field approximations
are bound to break down in the vicinity of Lifshitz points [61]. (The upper
critical dimension is dy = 8). This can be quantified by a Ginzburg criterion.
Fluctuations are important if

= XN - 2N < N5 (73)

XtN

The Ginzburg criterion has a simple heuristic interpretation: Fluctuations of
the interface position destroy the long-ranged lamellar order. Those interface
fluctuations are not limited by the increase of the surface area (y = 0), but
rather by the bending stiffness x. The correlation length &, of the direction
of a single, stiff interface is given by &, ~ exp(2nx/kgT) [62]. If the stiffness
k is of order unity, there is no long-range order of the normal direction of
the interface, and the lamellar order will be replaced by a microemulsion-like
structure. In the vicinity of a Lifshitz point self-consistent field theory pre-
dicts the interface stiffness to vanish like k ~ kg T~/.A'#°/4 which is compatible
with the Ginzburg criterion (Eq. 73) [63].

Similar arguments hold for a tricritical Lifshitz point, where a Lifshitz
point happens to merge with a regular tricritical point. Here, fluctuations are
important if

= XN - 2N < N3 (74)

XtN
Again this behavior is compatible with the behavior of the bending stiffness,
i ~ kg T~/ N 13/4, as obtained from self-consistent field calculations [63].
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Fig.1 Phase diagram for a ternary symmetric A + B + AB blend from Monte Carlo sim-
ulations of the bond fluctuation model as a function of the incompatibility parameter
xN and the homopolymer volume fraction @y. The chain length of all three species is
equal, N =32 corresponding to N =91. 2¢ denotes a region of two-phase coexistence
between an A-rich and a B-rich phase, 3¢ one of three-phase coexistence between an A-
rich, a B-rich, and a lamellar phase. Slice through the three-dimensional system of linear
dimension L = 4.7R. and three periodic images are shown on the left hand side. From [60]

(5) Phase diagram of random copolymers.

Macrophase separation can also occur in random copolymers [64] which con-
sist of a random sequence of Q blocks each of which comprises either M
segments of type A or M segments of type B. Macrophase separation occurs
when xM is of order unity, i.e., independent from the number of blocks, and
the A-rich and B-rich phases differ in their composition only by an amount
of order 1/4/Q. The strength of fluctuation effects can be quantified by the
Ginzburg number [65]

2
Gi~3z with M = (pmR3y /M) (75)

where pm = No denotes the monomer number density. While Gi decreases
in the case of homopolymer mixtures like 1/, it increases quadratically
in the number of blocks for random copolymers. In other words, if we
increase the number of blocks per molecule, fluctuation effects become
stronger and stronger. Indeed, Monte Carlo simulations indicate the presence
of a disordered, microemulsion-like structure in much of the parameter re-
gion where mean-field theory predicts macrophase separation.

In all but the last example, long-ranged fluctuation effects in three dimen-
sions are controlled by the chain length N, in the sense that if N ~ & — oo,
fluctuation effects can be made arbitrarily small. This provides a formal limit
in which self-consistent field theory becomes accurate. We emphasize, how-
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ever, that in many practical examples fluctuations are very important. For
instance, the broadening of the interface width by capillary waves is typic-
ally a sizeable fraction of the intrinsic width calculated by self-consistent field
theory. !

4.2
Gaussian Fluctuations and Random Phase Approximation

As long as fluctuations are weak, they can be treated within the Gaussian ap-
proximation. One famous example of such a treatment is the random phase
approximation (RPA) which describes Gaussian fluctuations in homogeneous
phases. The RPA has been extended to inhomogeneous saddle points by Shi,
Noolandi, and coworkers [66, 67]. In this section, we shall re-derive this gen-
eralized RPA theory within the formalism developed in the previous sections.

Our starting point is the Hamiltonian 4[U, W] of Eq. 11. We begin with
expanding it up to second order about the saddle point § = §[U*, W*] of
the SCF theory. To this end, we define the averaged single chain correlation
functions [13, 66, 67]

L Z” 8 1n VQj[Wa, Wg]

5W,3 5Wa(r)8Wﬁ(r’) (76)

Kop(r, ') = -
7

with «, B = A or B, where ¢ is defined as in Eq. 28, and all derivatives are
evaluated at the saddle point values of the fields, W} = (iU* + W*)/2 and
Wg = (iU* - W*)/2). As usual the sum ] runs over the different types of
polymers in the mixture, and n; denotes the total number of polymers of
type J. In the case of a homopolymer mixture, the mixed correlation func-
tions Kp(r,7’), Kga(r, ') are zero.

With these definitions, the quadratic expansion of 4[U, W] (Eq. 11) can be
written as

§1U, W1 - g /dd rsW(r)? 77
J NkgT(V/RE) V4XN ® 7

VZ/ddrd3r/Ka,g(r, )Wy (r)sWg(r')
af

with W4 = (18U +8W)/2, 8Wp=(i8U - sW)/2.

Since § is an extremum, the linear terms in U and §W vanish. Next we ex-
pand this expression in U and §W. To simplify the expressions, we follow

!In particle-based models, the mean-field approximation also neglects short-ranged correlations in
the polymeric fluid, e.g., the fluid-like packing of the particles or the correlations due to the self-
avoidance of the polymers on short length scales. There is no small parameter which controls the
magnitude of these correlation effects but they are incorporated into the coarse-grained parameters
R and xN.
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Laradji et al. and define [13, 67]

2 =Kupa + Kag+ Kpa + Kgp (78)
C=Kaa - Kap - Kpa + Kpp (79)
A =Kaa + Kap - Kpa - Kpp (80)
A" =Kaa - Kap + Kpa - Kps (81)

and adopt the matrix notation
SA-K-8B= / drd?' K (r, v )SA(r)SB(r') .

with the unity operator 1 = §(r - ). Note that the operators X and C are sym-
metric, and A and A" are transposed to each other. In the new notation,
Eq. 77 reads

glu,wi-g 1
VNksT(V/Rd) VA4xN

1
* oy (SUXSU - SWCSW + 1I8WASU +18UATSW) .

SW1sW (82)

and can, after some algebra, be cast in the form

U, Wi -
HOWI-F (53)
VNksT(V/RY)
* * 2 XN -
(8U - 8U*X(SU - 8U*) + ~ sW[1-"_"ClsW
8V XN 2
with €=C-AX'AY and SU*=-iX'ATswW. (84)

The field U* + §U* corresponds to the saddle point of §[U, W] at fixed W =
W* +5W.

Both the fluctuations (§W?) and ((8U - 8U*)?) decrease like 1/ v N. How-
ever, the fluctuations in both fields are qualitatively different. The operator
X is positive, i.e., the eigenvalues of X' are positive, therefore fluctuations in
U remain small and the Gaussian approximation is justified in the limit of
large +/N'. The operator 1 - xN/2C, on the other hand, may have negative
eigenvalues at large x. In that case the saddle point under consideration is
unstable and the true solution of the SCF theory corresponds to a different
structure (phase). A saddle point which turns from being stable to unstable
defines a spinodal or a continuous phase transition. In addition, the operator
1 - xN/2C also has zero eigenvalues in the presence of continuous symme-
tries. In all of these cases, the expansion for small W becomes inaccurate and
fluctuations in § W may give rise to qualitative deviations from the mean-field
theory.
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Within the Gaussian approximation, the average (W(r)W(r')) can readily
be calculated:

-1
(WEOWE)) = W w ) + 2N RY [1 _xN C} (85)
\/e/\/ 2 r,r

Using the relation between fluctuations of W and the composition, Eq. 26, we
obtain

([Pa(r) - pp(N[Pa(r') - pp()]) - (Ga(r) - dp(r)) (da(r) - dp(r))  (86)

2R4 N .11
= e [1-X c] -1
«/JV)(N 2 o

>

e B a2l

- b [C-l . XNI] 1

\/ N 2 r,r
This is the general expression for Gaussian composition fluctuations in in-
compressible polymer blends derived from EP theory. The original derivation
of Shi, Noolandi and coworkers [66, 67] uses as a starting point the density
functional (Eq. 53) and gives the identical result. A generalization for com-
pressible blends can be found in [13].

The special situation of a homogeneous saddle point, corresponding to
a homogeneous disordered phase, is particularly interesting. In that case, ex-
plicit analytical relations between the single chain partition function and the
fields can be obtained, and one recovers the well-known random phase ap-
proximation (RPA). To illustrate this approach, we shall now derive the RPA
structure factor for the case of a symmetric binary homopolymer blend.

Since the reference saddle point is spatially homogeneous, all correlation
functions Kypg(r,7’) only depend on (r - #’) and it is convenient to perform
the calculations in Fourier space. We use the following conventions for the
Fourier expansion:

R - . 1 N :
ORTES SCLANE TR KLV OES (57)

q70

In homopolymer melts, the mixed single chain correlation functions Kyg,
Kpa vanish, thus one has C= X = K44 + Kgg and A = AT = K44 - Kpg. An
explicit expression for the functional ¢} (r) = ¢4 (¢a(r)) in the limit of small
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fields W, can be derived:

q70

¢5(r) = da (1 =) gal@)Wag eiq’) (88)

- 1 : ,
=a (1 - / Ay galg) Walr') 1" ))

470
A similar expression is valid for ¢;(r). Here g(q) = (2/x2)(exp[— x]-14+x)
with x = R2q*/6 denotes the Debye function. Hence, the Fourier transform of
K44 can be identified with the single chain structure factor:

, Sy (r) -1 ig(r-
Kaa(r,v') = Wi =Py ggmpe atr=r) (89)
Kaa(q) = da ga(q)

and a similar expression holds Kpp. Using the definition of G, Eq. 84, one ob-
tains

~_1:1[1 N 1]=1[ 1o, ]

4| Kaa Kpgp 4| daga PBgBl

Inserting this expression into Eq. 86, we can also obtain an explicit expression
for the EP Hamiltonian #[W] = ¢[U*, W] of binary blends within the RPA:

Hrpa[W] - H 1 2 4¢ b
rReA[ W] Z ( $484(q)PBgB(q) ) |Wq|2

- . . 90
VNkgT(V/RY) g XN paga(q) + dpgn(q) 0

470

Combined with Eq. 26, this yields the well-known RPA expression for the col-
lective structure factor in binary polymer blends

4 1
_ = _ + - _
VN(V/RI)(|paq - d5ql?) P4 84(@) ~ bng(q)
This calculation also justifies the use of Eq. 26 to calculate the fluctuations in

the EP theory [29]. If we used the literal fluctuations in the EP theory accord-
ing of Eq. 44, we would not recover the RPA expression but rather [29]

(Ipaq - PBql*)Ep (92)
R¢ ey | SBE() 8g(r)
— * ok 2y e d, 3./ ,iq(r-1') A B
= (165 - #5q1) Jﬂvzfdrdreq <5WA(r/)+6WB(r/)>
_ 8xNg*(q)¢3 b3 . &@
VN (V/RH(1 - 2xNpadpg(q)) ~N(V/RI)
a2y, (1-4¢adp)g(q)
(|¢Aq ¢Bq| )+ \/N(V/Rg) .

Both contributions are of the same order.

2xN. (91)
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This example illustrates how the RPA can be used to derive explicit, an-
alytical expressions for Hamiltonian structure factors. The generalization to
blends that also contain copolymers is straightforward.

4.3
Relation to Ginzburg-Landau Models

In order to make the connection to the Landau-Ginzburg theory for binary
blends, we study the behavior of the structure factor at small wavevectors g

(‘]Re)2

15 too-we obtain:

for a symmetric mixture. Using g(q) ~ 1 +

4 1,1 TR R
_ =_ 4+ _ =2xN+  _°+ 7 _ (93)
VN(V/RI)(|paq - ppgl2) P4 5 18¢4 1843

If we assume composition fluctuations to be Gaussian, we can write down
a free energy functional compatible with Eq. 91.

Frealpaql 1 (2¢aq - 1)?

= 94
VNkT(V/RY) N (V/RI) 2(|Paq - P5ql*) O

—1(1+ L) N)|¢ - ¢al?
_2 QSA I—Q_SA X A0 A
1 1 1
h . —2¢N
+ZZ(¢A+1—¢A X

470
2R2 2R2
+ q _e + q e_ ) |¢Aq|2
184  18(1 - ¢a)

Note that this free energy functional is Gaussian in the Fourier coefficients of
the composition, and, hence, the critical behavior still is of mean-field type.
Transforming back from Fourier expansion for the spatial dependence to real
space, we obtain for the free energy functional:

Frealpa(n] 1 /dd 1(1 1 i N)( ) 1)2
VNkgT(V/R) V r{2 ba  1-gs KX $a(r) -
(95)
R2

e 2
¥ 36041 - )L W) }

_ 1 (g | 1d e 1\*  RX(V¢,)?
) v/d r{z a¢% ((/’A(”'Z) " 366a(1 - d)

Expanding the free energy of the homogeneous system (Flory-Huggins free
energy of mixing), we can restore higher order terms and obtain the Landau-
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de Gennes free energy functional for a symmetric binary polymer blend:

FoLlpa(r)] / y { 2
= d -
JAksTv/RE) V)T Jt@* 365001 - g0)

1y 1\* 4 1\*
—V/d {(2 xN) ¢A(r)—2) +3<¢A(r)—2>
2

2
" 36da(1 —¢A)( ¢4) }

A field-theory based on this simple expansion will already yield three-
dimensional Ising critical behavior. Note that the non-trivial critical behavior
is related to fluctuations in W or ¢4 — ¢p. Fluctuations in the incompressibil-
ity field U or the total density ¢4 + ¢p are not important.

(v ¢A>2} (96)

4.4
Field-Theoretic Polymer Simulations

Studying fluctuations beyond the Gaussian approximation is difficult. Spe-
cial types of fluctuations, e.g., capillary waves of interfaces, can sometimes
be described analytically within suitable approximations [58]. The only truly
general methods are however computer simulations. Here we shall discuss
two different approaches to simulating field theories for polymers: Langevin
simulations and Monte Carlo simulations.

441
Langevin Simulations

As long as one is mainly interested in composition fluctuations (EP approx-
imation, see Sect. 3), the problem can be treated by simulation of a real
Langevin process. The correct ensemble is reproduced by the dynamic equa-
tion

WG [ SHIW]
o == [ atemtn ) o0 o, ©7)

where M(r,7’) is an (arbitrary) kinetic coefficient, and 6(r, t) is a stochas-
tic noise. The first two moments of 6 are fixed by the fluctuation-dissipation
theorem

0)y=0 (0(r,)0(r,t)) = 2kgTM(r, v )s(r - ¥)5(t - t') . (98)

The choice of M(r,7’) determines the dynamic properties of the system.
For example, M(r,r') = 8(r - v')/tkgT corresponds to a non-conserved field,
while field conservation can be enforced by using a kinetic coefficient of
the form M(r,r') = V. A(r - ¥')V,.. Different forms for the Onsager coeffi-
cient A will be discussed in Sect. 5. In each step of the Langevin simulation
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one updates all field variables simultaneously [29] and the the self-consistent
equations for the saddle point U*(W) have to be solved.

The approach is commonly referred to as external potential dynam-
ics (EPD). A related approach was originally introduced by Maurits and
Fraaije [31]. However, these authors do not determine U*(W) exactly, but
only approximately by solving separate Langevin equations for real fields W4
and Wp. This amounts to introducing a separate Langevin equation for a real
field iU (i.e., an imaginary U in our notation) in addition to Eq. 97.

As the fluctuation effects discussed earlier (cf. Sect. 4.1) are essentially
caused by composition fluctuations, the EP approximation seems reasonable.
Nevertheless, one would also like to study the full fluctuating field theory
by computer simulations. In attempting to do so, however, one faces a seri-
ous problem: Since the field iU is imaginary, the Hamiltonian § is in general
complex, and the “weight” factor exp[- §] can no longer be used to generate
a probability function. This is an example of a sign problem, as is well-known
from other areas of physics [68], e.g., lattice gauge theories and correlated
fermion theories. A number of methods have been devised to handle com-
plex Hamiltonians or complex actions [69-73]. Unfortunately, none of them
is as universally powerful as the methods that sample real actions (Langevin
simulations, Monte Carlo, etc.).

Fredrickson and coworkers [74-77] have recently introduced the complex
Langevin method [69, 70] into the field of polymer science. The idea of this
method is simply to extend the real Langevin formalism, e.g., as used in EPD,
to the case of a complex action. The drift term 8§ /§W in Eq. 97 is replaced by
complex drift terms 64[U, W]/8U and §4[U, W]/8W, which govern the dy-
namics of complex fields U and W. This generates a diffusion process in the
entire complex plane for both U and W. One might wonder why such a pro-
cess should sample line integrals over U and W. To understand that, we recall
that the integration paths of the line integrals can be distorted arbitrarily in
the complex plane, as long as no pole is crossed, without changing the re-
sult. Hence a complex Langevin trajectory samples an ensemble of possible
line integrals. Under certain conditions, the density distribution converges
towards a stationary distribution which indeed reproduces the desired expec-
tation values [78]. Unfortunately, these conditions are not generally satisfied,
and cases have been reported where a complex Langevin process did not con-
verge at all, or converged towards the wrong distribution [71,79]. Thus the
theoretical foundations of this method are still under debate. In the context
of polymer simulations, however, no problems with the convergence or the
uniqueness of the solution were reported.
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In our case, the complex Langevin equations that simulate the Hamiltonian
Eq. 11 read

oU(r,1) _ 89[U, W]/ksT

ot =- SU(r, 1) + 0y(r, t) (99)
OW(r,t)  89[U, W]/ksT
9t - SW(T’, t) + QW(T‘, t) > (100)

where Oy(r,t), Ow(r,t) are real Gaussian white noises which satisfy the
fluctuation-dissipation theorem

0)=0 (0(r,1)0(r, 1)) =28(r -7)8(t - ). (101)

The partial derivatives are given by

8G[U, W]/kgT ~VN
McSW(r]i)B sz[ + - ‘1’3] (102)
8%[U, kT N
GLU, W/ksT _ /' [0+ d5-1] (103)

sU(r,t)  2Rd

with ¢} and ¢} defined as in Eq. 28.

If the noise term is turned off, the system is driven towards the nearest
saddle point. Therefore, the same set of equations can be used to find and
test mean-field solutions. The complex Langevin method was first applied to
dense melts of copolymers [74], and later to mixtures of homopolymers and
copolymers [80] and to diluted polymers confined in a slit under good solvent
conditions [77]. Figure 2 shows examples of average “density” configurations
(¢*) for aternary block copolymer/homopolymer system above and below
the order/disorder transition.

T TR e
% ;‘" ‘. ._" __3 e
L j-h" o L —

(a) (b) (c)

Fig.2 Averaged densities across the order-disorder transition in a two-dimensional
ternary system with A, B homopolymers and A-B copolymers (20% homopolymer vol-
ume fraction), as obtained from Complex Langevin simulation runs

44.2
Field-Theoretic Monte Carlo

As an alternative approach to sampling the fluctuating field theory, Diichs
et al. [42, 80] have proposed a Monte Carlo method. Since the weight exp[- 4]
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is not positive semidefinite, the Monte Carlo algorithm cannot be applied di-
rectly. To avoid this problem, we split § into a real and an imaginary part §R
and i§! and sample only the real contribution exp(- §*) [71]. The imaginary
contribution is incorporated into a complex reweighting factor exp(- ig/).
Statistical averages over configurations j then have to be computed according
to

_ >_jexp(- iGJ[)Aj
= o
>_jexp(- iG;))

i.e., every configuration is weighted with this factor. Furthermore, we premise
that the (real) saddle point iU* contributes substantially to the integral over
the imaginary field iU and shift the integration path such that it passes
through the saddle point. The field iU is then represented as

iU=iU*[W] + iw, (105)

(104)

where w is real.

The Monte Carlo simulation includes two different types of moves: trial
moves of W and w. The moves in w are straightforward. Implementing the
moves in W is more involved. Every time that W is changed, the new saddle
point iU*[W] must be evaluated. In an incompressible blend, the set of self
consistent equations

Pa(r) +Pp(r) =1, Vr (106)

must be solved for iU*. Fortunately, this does not require too many iterations,
if W does not vary very much from one Monte Carlo step to another.

Compared to the Complex Langevin method, the Monte Carlo method has
the advantage of being well founded theoretically. However, it can become
very inefficient when g/ spreads over a wide range and the reweighting factor
oscillates strongly. In practice, it relies on the fact that the integral is indeed
dominated by one (or several) saddle points.

Can we expect this to be the case here? To estimate the range of the
reweighting factor, we briefly re-inspect the Hubbard-Stratonovich trans-
formation of the total density §, + ¢p that leads to the fluctuating field U. For
simplicity we consider a one-component system. In a compressible polymer
solution or blend, the contribution of the repulsive interaction energy to the
partition function can be written as

exp [— oN ; / dr(a + 5 - ¢o)2] (107)

(with ¢p =1 in amelt, and ¢o =0 in agood solvent). The Hubbard-
Stratonovich transformation of this expression is proportional to

/i)Uexp [—Q{SKIN/ddrU2+i/ddr(2](q§A +qASB—¢0)” (108)
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Thus U should to be distributed around the saddle point with a width pro-
portional to «. The method should work best for very compressible solu-
tions with small «. In contrast, in an incompressible blend, the contribution
(Eq. 107) is replaced by a delta function constraint 8(¢p4 + ¢p - 1). The fluctu-
ating field representation of this constraint is

/;oUexp [- iQ/ddrlzj(éﬁA +<;3B-1)] ) (109)

The only forces driving U towards the saddle point are now those related to
the single chain fluctuations (cf. Sect. 4.2), and U will be widely distributed
on the imaginary axis. Thus it is not clear whether the Monte Carlo method
will work for incompressible systems.

Indeed, simulations of an incompressible ternary A+B+AB homopolymer/
copolymer blend showed that the values of the argument §! of the reweight-
ing factor cover a wide range (Fig. 3). Hence computing statistical averages
becomes very difficult, because both the numerator and the denominator in
Eq. 104 are subject to very large relative errors.

Fortunately, a closer inspection of the data reveals that the reweighting
factor is entirely uncorrelated with the fluctuating field W. Since the latter
determines all quantities of interest to us (Eqgs. 25 and 26), the averages can
be computed without reweighting. Moreover, the time scales for variations
of W and w are decoupled. By sampling @ more often than W, they can be
chosen such that the time scale of w is much shorter than that of W. Finally,
the dynamics of the actual simulation, which is governed by the real fac-
tor exp(- §R), is virtually the same as that of a reference simulation with o
switched off [80].

A "‘! I I ! ““‘ I

0 1000 2000 3000 4000 5000
MCS

Fig.3 Argument G’ of the reweighting factor in a simulation of an incompressible blend.
From [80]
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Fig.4 Snapshots of ¢} for the same ternary A + B + AB system as in Fig.2, at 70%
homopolymer volume fraction, for different y N above and below the order-disorder
transition, as obtained from Monte Carlo simulations with @ switched off (EP theory).
From [83]

Combining all these observations, we infer that the fluctuations in @ do not
influence the composition structure of the blend substantially. A similar de-
coupling between composition and density fluctuations is suggested by other
studies [45, 81, 82]. The composition structure can equivalently be studied
in a Monte Carlo simulation which samples only W and sets w = 0. Figure 4
shows examples of snapshots for the ternary system in the vicinity of the
order-disorder transition.

We have demonstrated this for one specific case of an incompressible blend
and suspect that it may be a feature of incompressible blends in general. The
observation that the fluctuations in W and w are not correlated with each
other is presumably related to the fact that the (vanishing) density fluctua-
tions do not influence the composition fluctuations. If that is true, we can
conclude that field-theoretic Monte Carlo can be used to study fluctuations in
polymer mixtures in the limits of high and low compressibilities. Whether it
can also be applied at intermediate compressibilities will have to be explored
in the future.

We should note that the Monte-Carlo simulation with @ =0 effectively
samples the EP Hamiltonian. This version of field-theoretic Monte Carlo is
equivalent to the real Langevin method (EPD), and can be used as an al-
ternative. Monte Carlo methods are more versatile than Langevin methods,
because an almost unlimited number of moves can be invented and imple-
mented. In our applications, the W and w-moves simply consisted of random
increments of the local field values, within ranges that were chosen such
that the Metropolis acceptance rate was roughly 35%. In principle, much
more sophisticated moves are conceivable, e.g., collective moves or combined
EPD/Monte Carlo moves (hybrid moves [84]). On the other hand, EPD is
clearly superior to Monte Carlo when dynamic properties are studied. This
will be discussed in the next section.



38 M. Miiller - F. Schmid

5
Dynamics

5.1
Onsager Coefficients and Dynamic SCF Theory (DSCFT)

In order to describe the diffusive dynamics of composition fluctuations
in binary mixtures one can extend the time-dependent Ginzburg-Landau
methods to the free energy functional of the SCF theory. The approach re-
lies on two ingredients: a free energy functional that accurately describes
the chemical potential of a spatially inhomogeneous composition distribution
out of equilibrium and an Onsager coefficient that relates the variation of the
chemical potential to the current of the composition.

We implicitly assume that the out of equilibrium configuration can be
described by the spatially varying composition but that we do not have to
specify the details of the molecular conformations. This can be justified if
the time scale on which the composition changes is much larger than the
molecular relaxation time, such that the chain conformations are always in
“local equilibrium” with the instantaneous composition. The time scale for
the chain conformations to equilibrate is set by T = R2/D, where D denotes the
single chain self-diffusion constant. Moreover, we assume that the free energy
obtained from the SCF theory also provides an accurate description even out
of equilibrium, i.e., not close to a saddle point.

Then, one can relate the spatial variation of the chemical potential to a cur-
rent of the composition.

Jort) == [ & Ag(r ¥ ¥maotr' (110)

J4(r, t) denotes the current density at position r at time t. There is only one
independent chemical potential, 114, because of the incompressibility con-
straint and it is given by ug = ‘W: with *[®,] from Eq. 53.

=07
noIRS _ o Top i 111
KT xN(@p(r) — pa(r)) - (182[pa(r)] - i25[¢p(r)]) (111)
RPA 2R?
A (XN -2)(1-2¢a(r)) - 9eA¢A(?‘) (112)

where i£2} and i£2; are real fields. In the last equation we have used the ex-
plicit expression for the chemical potential within RPA (cf. Eq. 96) for a sym-
metric binary polymer blend.

The kinetic Onsager coefficient, A4(r, '), relates the “chemical force” act-
ing on a monomer at position ' due to the gradient of the chemical potential
to the concomitant current density at position r. This describes purely relax-
ational dynamics, inertial effects are not captured. A4 can be modelled in
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different ways: The simplest approach would be a local coupling which results
in the Onsager coefficient

VkpT Atocal(r,7') _ D
v Nks Rzlocal(r ) _ R2¢A(,/, t)¢p(r', )RS(r - ') (local) (113)

The composition dependence accounts for the fact that currents of A- and
B-densities have to exactly cancel in order to fulfill the incompressibility con-
straint. This local Onsager coefficient completely neglects the propagation of
forces along the backbone of the chain and monomers move independently.
Such alocal Onsager coefficient is often used in calculations of dynamic
models based on Ginzburg-Landau type energy functionals for reasons of
simplicity [85-87].

Bearing in mind that the connectivity of monomeric units along the back-
bone of the polymer is an essential ingredient of the single chain dynamics
it is clear that a non-local coupling should lead to a better description. In
the Rouse model forces acting on a monomer caused by the chain connectiv-
ity are additionally taken into account [88, 89]. This leads to a kinetic factor
that is proportional to the intramolecular pair-correlation function [90-92],
P(r,7)

i /
JMBT/;‘;“““(” ) RD2¢A(r’, Des(r, )P (r,Y)  (Rouse).  (114)
(5 (5

The difficulty in using Rouse dynamics lies in the computational expense
of calculating the pair-correlation function in a spatially inhomogeneous en-
vironment at each time step. If the system is still fairly homogeneous (e.g., in
the early stages of a demixing process), one can use the pair-correlation func-
tion of a homogeneous melt, as it is given through RPA [16]. This leads to the
following Onsager coefficient in Fourier space:

R¥*2 p_ _ 2 -x]-1
Aroe(@) = Moca 8@ = ) L R s
B e

x is defined as x = ¢*R2/6 and g is the Debye function. Another model for
non-local coupling is the reptation model [89, 93] which is appropriate for
polymer melts with very long chains, i.e., entangled chains.

Since the total amount of A-component is conserved, the continuity equa-
tion relates the current of the composition to its time evolution:

8¢A8(tr’ 0 V]y(r,1)=0 (116)

Egs. 116 and 110 lead to the following diffusion equation:

dpa(r, ) _

0 =5, [t asn )Vt e (117)
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the last term representing noise that obeys the fluctuation-dissipation theo-
rem. After Fourier transformation this diffusion equation adopts a very sim-
ple form:

a(PA (q) t) _

s = M@a re(a, )+ n(g ) (118)
V NkgT Ap(qRe)? 2
RiA_ BRg+f(q ) |:_ 2(xN -2)+ 9(qRe)2] pa+n (119)
RPA v/ NkpT Ag(qRe)? |: 1 1 ]
A - ; . —2¢N
RE+2 bag@ " drg@) " oat
(120)

The last two equations are the explicit expressions within RPA, and g(q) de-
notes the Debye function.

We have now found all necessary equations to numerically calculate the
time evolution of the densities in a binary polymer mixture. This leads us to
the following procedure which we refer to as the dynamic self consistent field
theory (DSCFT) method:

1. Calculate the real fields i£2} and i§2j that “create” the density distribution
according to Eq. 52 using the Newton-Broyden scheme.

2. Calculate the chemical potential 4 according to Eq. 111.

3. Propagate the density in time according to Eq. 118 using a simplified
Runge-Kutta method.

4. Go back to (1).

5.2
External Potential Dynamics (EPD)

Instead of propagating the composition in time, we can study the time
evolution of the exchange potential W. In equilibrium the density variable
¢4 - ¢p and the field variable W = if24 - if2p are related to each other via
¢4 - ¢p=- W/xN, see Eq. 25. We also use this identification to relate the time
evolution of the field W to the time dependence of the composition. Since
the composition is a conserved quantity and it is linearly related to the field
variable, we also expect the field W with which we are now describing our sys-
tem to be conserved. Therefore, we can use the free energy functional #[W]
from Eq. 42 and describe the dynamics of the field W through the relaxational
dynamics of a model B system, referring to the classification introduced by
Hohenberg and Halperin [94].

oW(r,t) :

=y, / dr Agpp(r, ¥ )V i (F, 1) + 1(r, ) (121)
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with the chemical potential uw being the first derivative of the free energy
H[W] with respect to the order parameter W,

(r) = SHIWI)] _ ~NkgT W+ xN [¢5(r) - ¢3(r)] (122)
v SW(r) Rd 2xN :
Agpp is a kinetic Onsager coefficient, and 7 denotes noise that satisfies the
fluctuation-dissipation theorem. The Fourier transform of this new diffusion
equation is simply:

OW(q,1) _ v/ NksTAepp(qRe)* W + XN(¢5 - 05)

+ 123
9t Rg+2 2xN 1 ( )
RPA kg T A R.)> W (1-2xNosd
PA VN ksT Agep(qRe)* W (1 - 2XN$adsg(q)) +1 (124)
Rréi+2 2xN

n(g,t) is white noise that obeys the fluctuation-dissipation theorem. In the
last equation we have used the Random-Phase Approximation for the Hamil-
tonian of the EP theory (cf. Eq. 90). We refer to the method which uses this
diffusion equation as the external potential dynamics (EPD) [31]. As shown
in Sect. 4.4.1, any Onsager coefficient (in conjunction with the fluctuation-
dissipation theorem) will reproduce the correct thermodynamic equilibrium.
But how is the dynamics of the field W related to the collective dynamics of
composition fluctuations?

Comparing the diffusion equations of the dynamic SCF theory and the EP
Dynamics, Eqs. 120 and 124, and using the relation W(q, t) = - 2xN¢a(q, ),
we obtain a relation between the Onsager coefficients within RPA:

N
Agpp(q) = )A¢(q) (125)

2
bappg(q
In particular, the non-local Onsager coefficient Apouse that mimics Rouse-like
dynamics (cf. Eq. 114) corresponds to alocal Onsager coefficient in the EP
Dynamics

v Nkg T AEPD-Rouse ()

=2xND 126
Ré X (126)
Using the approximation,
V. P, )= -V, P(r, 1) (127)

one can derive Eq. 126 without invoking the random phase approximation.
The approximation (Eq. 127) is obviously exactly valid for a homogeneous
system, because the pair-correlation function only depends on the distance
|r — r'| between two points. It is expected to be reasonably good for weakly
perturbed chain conformations [95].

Generally, one can approximately relate the time evolution of the field W to
the dynamic SCF theory [31]. The saddle point approximation in the external
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fields leads to a bijective relation between the external fields 1£2}, 1§25 and ¢4,
¢p. In the vicinity of the saddle point, we can therefore choose with which of
the two sets of variables we would like to describe the system.

To study the time evolution in the EPD we use the following scheme [29]:

0. Find initial fields, W = i$2}; - i$2} and U = i§2} + i§2};, that create the ini-
tial density distribution.

1. Calculate the chemical potential 1w according to Eq. 122.

2. Propagate W according to Eq. 123 using a simplified Runge-Kutta method.

3. Adjust U to make sure the incompressibility constraint ¢} + ¢} = 1 is ful-
filled again using the Newton-Broyden method.

4. Go back to (1).

The EPD method has two main advantages compared to DSCFT: First of all
it incorporates non-local coupling corresponding to the Rouse dynamics via
a local Onsager coefficient. Secondly it proves to be computationally faster by
up to one order of magnitude. There are two main reasons for this huge in-
crease in speed: In EPD the number of equations that have to be solved via
the Newton-Broyden method to fulfill incompressibility is just the number of
Fourier functions used. The number of equations in DSCFT that have to be
solved to find the new fields after integrating the densities is twice as large. On
the other hand, comparing the diffusion Eq. 117 used in the DSCFT method
with Eq. 121 in EPD, it is easily seen, that the right hand side of the latter is
a simple multiplication with the squared wave vector of the relevant mode,
whereas the right hand side of Eq. 117 is a complicated multiplication of three
spatially dependent variables.

6
Extensions

The dynamic self-consistent field theory has been widely used in the form of
MESODYN [97]. This scheme has been extended to study the effect of shear
on phase separation or microstructure formation, and to investigate the mor-
phologies of block copolymers in thin films. In many practical applications,
however, rather severe numerical approximations (e.g., very large discretiza-
tion in space or contour length) have been invoked, that make a quantitative
comparison to the the original model of the SCF theory difficult, and only the
qualitative behavior could be captured.

More recently, stress and strain have been incorporated as a conjugated
pair of slow dynamic variables to extend the model of the SCF theory. This
allows us to capture some effects of viscoelasticity [76]. Similar to the evalu-
ation of the single chain partition function by enumeration of explicit chain
conformations, one can simulate an ensemble of mutually non-interacting
chains exposed to the effective, self-consistent fields, U and W, in order to
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obtain the densities [98]. Possibilities to extend this scheme to incorporate
non-equilibrium chain conformations have been explored [96, 99].

7
Applications

741
Homopolymer-Copolymer Mixtures

As discussed in Sect. 4.1, one prominent example of a situation where the
SCF theory fails on a qualitative level is the microemulsion channel in ternary
mixtures of A and B homopolymers and AB diblock copolymers. Figure 5
shows an example of a mean-field phase diagram for such a system. Four dif-
ferent phases are found: A disordered phase, an ordered (lamellar) phase (see
Fig. 4, right snapshot), an A-rich and a B-rich phase. The SCF theory predicts
the existence of a point where all three phases meet and the distance of the
lamellar sheets approaches infinity, an isotropic Lifshitz point [100, 101].

It seems plausible that fluctuations affect the Lifshitz point. If the lamellar
distance is large enough that the interfaces between A and B sheets can bend
around, the lamellae may rupture and form a globally disordered structure.
A Ginzburg analysis reveals that the upper critical dimension of isotropic Lif-
shitz points is as high as 8 (see also Sect. 4.1). Unfortunately, the lower critical
dimension of isotropic Lifshitz points is not known [102].

Indeed, the experimentally observed phase behavior differs substantially
from the mean-field phase diagram. An example is shown in Fig. 6. The
Lifshitz point is destroyed, the three phase coexistence region between the

Disordered |

Lamellar 5.(1)

Fig.5 Mean-field phase diagram for a ternary symmetric A + B + AB blend as a func-
tion of the incompatibility parameter x N and the homopolymer volume fraction ®y.
The chain lengths of the copolymers is five times that of the homopolymers. 2¢ de-
notes a region of two-phase coexistence between an A-rich and a B-rich phase, 3¢ one of
three-phase coexistence between an A-rich, a B-rich, and a lamellar phase. From [80]
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Fig.6 Experimental phase diagram of a PDMS-PE/PDMS/PE blend with copolymers
about five times as long as the homopolymers. From [103]. Reproduced by permission of
the Royal Society of Chemistry

lamellar phase and the demixed A-rich and B-rich phases is removed and
gives way to a macroscopically mixed phase. A transmission electron micro-
graph of this phase is shown and compared with the structure of the lamellar
phase in Fig. 7.

In order to study this effect, Diichs et al. have performed field-theoretic
Monte Carlo simulations of the system of Fig. 5 [80, 83, 104], in two dimen-
sions. (For the reasons explained in Sect. 4.4.2, most of these simulations were
carried out in the EP approximation). Some characteristic snapshots were al-
ready shown in Fig. 4. Here we show another series of snapshots at x N = 12.5
for increasing homopolymer concentrations (Fig. 8). For all these points, the
self-consistent field theory would predict an ordered lamellar phase. In the

Fig.7 Transmission electron micrographs from symmetric PE/PEP/PE-PEP blends:
(a) fluctuating lamellae; (b) microemulsion phase. From [103]. Reproduced by permission
of the Royal Society of Chemistry
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Fig.8 Snapshots of ¢ for the ternary A + B + AB system of Fig. 5 at xN = 12.5 for ho-
mopolymer volume fraction ¢y = 0.74, 0.78, 0.8, 0.82 (first row from left), and 0.84, 0.86,
and 0.9 (second row from left)
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simulation, only configurations with lower homopolymer concentrations ex-
hibit (defective) lamellar order. At higher homopolymer concentration, the
order breaks up and a microemulsion emerges.

The phase transition can be identified by defining appropriate order pa-
rameters. We use anisotropy parameters, which are defined in terms of the
Fourier transform F(q) of images as those shown in Fig. 8:

2
1 .
Pl = /d¢IF(q)|Ze‘”¢ . (128)
0

Fn(q) is zero for isotropic (disordered) configurations and non-zero for
anisotropic (lamellar) configurations. The anisotropy information can be
condensed into a single dimensionless parameter

_ JdqFu(q)
= o(q)|r, (129)
with the normalization
1/2
Jdqa’Fu(q) ([ [dqqFu(q)\’
°(q)'F"‘[ faarie, ~aree ) | (130

Examples of anisotropy parameters are shown in Fig. 9 (left). They are clearly
suited to characterize the phase transition between the disordered phase at
low xN and the lamellar phase at high xN. For comparison, the same system
was also examined with complex Langevin simulations. The results are shown
in Fig. 9 (right). The transition points are the same.

Unfortunately, the order of the transition could not yet be determined
from these simulations. In the self-consistent field theory, the transition is
continuous. According to theoretical predictions [54, 55], fluctuations shift it
to lower xN and change the order of the transition. Our simulation data are
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Fig.9 Anisotropy parameters %, (solid) and F; (dashed) vs. xN for different homopoly-
mer volume fractions @y at the order/disorder transition. Left: From Monte Carlo
Simulations (EP theory) Right: From Complex Langevin simulations. After [80]

consistent with the assumption that the transition is continuous or weakly
first order. In particular, we have established that the miscibility gap between
the ordered and the disordered phase is very small (data not shown).

Besides the order/disorder transition, we also need to determine the
demixing transition. This was done in the grand canonical ensemble by mon-
itoring the difference between A and B monomer densities. It exhibits a jump
at the phase transition. All phase transition points are summarized in the
phase diagram of Fig. 10. It is in good qualitative agreement with the ex-
perimental phase diagram of Fig. 6. In particular, we reproduce the cusp-like
region of the microemulsion.

The simulations allow to analyze the phase transition and the microemul-
sion phase in more detail. Figure 11 compares different characteristic length
scales of the system at the order/disorder transition. One length scale, Lo,
is obtained from the maximum of Fy(q) (Eq. 128) and gives the typical dis-
tance between layers. The other is the mean absolute curvature radius Dc,

10+ ;
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Fig.10 Phase diagram from simulations for the same system as above. The circles
show the results from Monte Carlo simulations, the squares those from the complex
Langevin simulations. The dotted lines correspond to the mean-field prediction from
Fig. 5. From [80]
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Fig. 11 Characteristic length scales at x N = 12.5 as a function of homopolymer concentra-
tion ¢u. Dc (circles) shows the mean (absolute) curvature radius, and Ly the preferential
length scale of layer distances, obtained from the maximum of Fy(q) Eq. 128. From [80]

and characterizes the length scale for layer bending. Whereas the typical layer
distance increases with the homopolymer concentration, the curvature radius
remains roughly constant. The microemulsion phase transition takes place at
the value of ¢y where the two lines cross. Thus we can identify the mechan-
ism by which fluctuations generate the microemulsion: The lamellae break up
when their width grows larger than the length scale which characterizes the
boundary fluctuations.

To summarize, the example of homopolymer/copolymer mixtures demon-
strates nicely how field-theoretic simulations can be used to study non-trivial
fluctuation effects in polymer blends within the Gaussian chain model. The
main advantage of these simulations is that they can be combined in a nat-
ural way with standard self-consistent field calculations. As mentioned ear-
lier, the self-consistent field theory is one of the most powerful methods for
the theoretical description of polymer blends, and it is often accurate on
a quantitative level. In many regions of the parameter space, fluctuations are
irrelevant for large chain lengths (large .V') and simulations are not neces-
sary. Field-theoretic simulations are well suited to complement self-consistent
field theories in those parameter regions where fluctuation effects become
important.

7.2
Spinodal Decomposition

To illustrate the application of the method to study the dynamics of collective
composition fluctuations, we now consider the spontaneous phase separation
(i.e., spinodal decomposition) that ensues after a quench into the miscibil-
ity gap at the critical composition, ¢4 = ¢ = 1/2, of the symmetric blend.
Different time regimes can be distinguished: During the early stages, compo-
sition fluctuations are amplified. Fourier modes with a wavevector g smaller
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than a critical value q. exponentially grow and modes with different wavevec-
tors are decoupled. As the amplitude of the modes continues to grow, the
composition in the domains begins to saturate and different modes begin to
interact. At even later stages of phase ordering, hydrodynamics dominates the
coarsening.

In the following, we restrict our attention to the early stages of spinodal
decomposition. In the analysis of experiments one often uses the Landau-
de Gennes functional (Eq. 96) which results in the Cahn-Hilliard-Cook the-
ory [105] for the early stages of phase separation. This treatment predicts
that Fourier modes of the composition independently evolve and increase ex-
ponentially in time with a wavevector-dependent rate, ¢4(q, £)2 ~ exp[R(q)t].
Therefore, it is beneficial to expand the spatial dependence of the compo-
sition in our dynamic SCF or EP calculations in a Fourier basis of plane
waves. As the linearized theory suggests a decoupling of the Fourier modes at
early stages, we can describe our system by a rather small number of Fourier
modes.

Using Eq. 120 one reads off the rate R(q):

v NksTAy(qR?) (qRe)?
R(g) =4 R [XN—Z— o ] (131)
and obtains for local dynamics and Rouse-like dynamics

R@RE _ o 9\’

D - (qRe)* (XN -2) | 1- g (132)
R RZ 2

DR _ (RN - 2g(q) |1 - ( 1 ) , (133)
D qc

respectively, where the critical wavevector is given by gcR = «/9(xN - 2). Dur-
ing the early stage, composition modes with wavevectors g < g. will grow. In
the case of local dynamics, the fastest growth occurs at g./+/2. In the case of
Rouse-like dynamics, the maximum of the growth rate is shifted to smaller
wavevectors. The expressions above use the RPA which becomes accurate at
weak segregation (WSL). Of course, the applicability of the linearized theory
of spinodal decomposition using the Landau-de Gennes free energy func-
tional is severely limited: In the ultimate vicinity of the critical point, the
free energy functional does not even give an accurate description of the
thermodynamic equilibrium, and the relaxation times are characterized by
a non-classical, dynamic critical exponent.

In the opposite limit of strong segregation (SSL) xN > 2, the free energy
can also be expressed in terms of a square gradient functional, and one ob-
tains qcR = /6(xN - 2). At intermediate segregation, which is most relevant
to experiments, the square-gradient approximation breaks down and there is
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no straightforward way to interpolate between the simple analytical expres-
sion in the weak and strong segregation limit.

The predictions of the rate R(q) for the weak and the strong segrega-
tion limit are presented in Fig. 12. As expected the results of the dynamic
SCF theory with alocal Onsager coefficient fall between the results of the
Cahn-Hilliard-Cook theory in the two limits of weak and strong segregation.
Comparing the predictions for the kinetics of phase separation to experi-
ments or simulations, it often remains unclear whether deviations are caused
by approximating the free energy functional by the Landau-de Gennes ex-
pressions or the Onsager coefficient. Indeed, earlier Monte Carlo simulations
found rather pronounced deviations [106] from the prediction of the Cahn-
Hilliard-Cook theory [105].

To overcome this difficulty we use EP dynamics or dynamic SCF theory,
which do not invoke a gradient expansion of the free energy functional and
yield an accurate description of the free energy costs of composition fluctu-
ations. Quantitatively comparing dynamic calculations to computer simula-
tions of the bond fluctuation model [107], we investigate the relation between
the dynamics of collective composition fluctuations and the underlaying dy-
namics of single chains, which is encoded in the Onsager coefficient A.

The parameters of the bond fluctuation model can be related to the coarse-
grained parameters, xN, Re and N, of the standard SCF model and the
static properties of the bond fluctuation model (e.g., the bulk phase behav-
ior [45, 53] and interface properties [44, 46,57, 58]) have been quantitatively
compared to SCF theory. Note that the mapping between the particle-based
simulation model and the SCF model does not involve any adjustable param-
eter: the Flory-Huggins parameter x N is identified via the energy of mixing,
the length scale is set by R, and the time scale is determined by the self-
diffusion constant of a single polymer chain in a dense melt. All these quanti-
ties are readily measurable in the simulations. In the following example, we
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Fig. 12 Growth rates of composition modes for a quench of a symmetric mixture to xN =
5. Below the critical wave vector q. the density modes increase spontaneously. Modes with
larger wave vectors are damped. From [29]
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consider a quench to yN =5. This is a compromise: On the one hand it is
sufficiently below the critical point, xcN = 2, such that critical composition
fluctuations are not important. On the other hand the interfaces between the
coexisting phases are still wide enough such that the polymers are still de-
scribable by the Gaussian chain model on the length scale of the (intrinsic)
interfacial width [108]. The chains in the bond fluctuation model comprise
N = 64 segments which corresponds to an invariant degree of polymeriza-
tion, & = 240. The time scale is set by = RZ/D = 1.5 x 107 Monte Carlo steps,
where each segment attempts on average one random, local displacement
during a Monte Carlo step. In the simulations we use a cubic system of size
L =6.35R, and average the results over 64 independent realizations of the
temperature quench.

Figure 13 compares the time evolution of the dynamic structure factor as
calculated by dynamic SCF theory using a local Onsager coefficient (panel a)
and non-local Onsager coefficient (panel b) with the results of the Monte
Carlo simulation. As qualitatively expected from the Cahn-Hilliard-Cook
theory [105], there is a well-defined peak in the structure factor S(q, t)

2
S(g, 1) = ‘/ddr (¢a(r,1) - dp(r, 1)) exp(igr) (134)

that exponentially grows with time. For these calculations we have omit-
ted the thermal noise. Therefore, composition fluctuations with g < g. grow,
while those with g > g. are damped, and the structure factors for differ-
ent times exhibit a common intersection at g.. No such well-defined criti-
cal wavevector g. is observed in Monte Carlo simulations or experiments,
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Fig. 13 Global structure factor versus wave vector for different times for a quench from
the mixed state at xN = 0.314 to xN = 5. Lines represent Monte Carlo results, symbols
dynamic SCF theory results. (a) Compares dynamic SCF theory using alocal Onsager
coefficient with Monte Carlo simulations. Local dynamics obviously overestimates the
growth rate and shifts the wavevector that corresponds to maximal growth rate to larger
values. (b) Compares dynamic SCF theory using a non-local Onsager coefficient that
mimics Rouses dynamics with Monte Carlo results showing better agreement. From [29]
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where thermal fluctuations limit the decay of fluctuations with g > g.. Clearly,
there is a sizeable difference between dynamic SCF calculations using a local
Onsager coefficient and those which use a non-local A corresponding to
Rouse-like dynamics. The peak of the structure factor in the dynamic SCF cal-
culations with the local Onsager coefficient grows much too fast, and also the
peak in the calculations occurs at larger wavevectors compared to the Monte
Carlo simulations. Apparently, the calculations with the non-local Onsager
coefficient agree much better with the simulation results.

To quantify this observation, we investigate the growth (or decay) of dens-
ity modes. The data in Fig. 14 show that the time evolution during the early
stages of phase separation indeed is exponential and one can define a growth
rate. The results for a local Onsager coefficient are presented in Fig. 12 and are
bracketed by the approximations for the weak and strong segregation limits.

In Fig. 15 we corroborate that the results of the dynamic SCF calculations
using the non-local Onsager coefficient (Eq. 114) agree with the EPD using
the local Onsager coefficient (Eq. 126) for the field W. As detailed in Sect. 5,
however, the EPD calculations are computationally much less demanding.

The growth rates for the dynamic SCF theory with local Onsager coeffi-
cient are displayed in Fig. 16a and compared to the results of the Monte Carlo
simulations. The maximal growth rate occurs at too large wavevectors and the
growth rate for q < q is too large. The Cahn plot, R(q)/Dq? vs. q* presented in
the inset, shows a linear behavior (cf. Eq. 132) in contrast to the simulations.

Much of the discrepancy between calculations and Monte Carlo simula-
tions is removed when we employ a non-local Onsager coefficient or EPD. For
q < qc we obtain almost quantitative agreement for the growth rate at early
times. In the Monte Carlo simulations, however, deviations from the expo-
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Fig.14 Several density modes displayed on alogarithmic scale versus time. The re-
sults were obtained through DSCFT calculations in a three-dimensional system of length
Ly =1Ly, =L;=6.35R. using 7 x 7 x 7 functions for a quench from xN =0.314 to N =5.
The expected exponential behavior during early stages of demixing is well reproduced.
From [29]
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Fig.15 Growth rates obtained through two dimensional DSCFT calculations using local
and Rouse dynamics and EPD calculations. The DSCFT results using the pair-correlation
function of a homogeneous melt and the EPD results are in good agreement. From [29]
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Fig.16 Corresponding relaxation rates to Fig. 13. Panel (a) compares the Monte Carlo re-
laxation rates with DSCFT calculations with local dynamics. Panel (b) compares Monte
Carlo results with EPD and DSCFT calculations with Rouse dynamics. For earlier times
good agreement in the growth rate is found but Monte Carlo simulations show early
deviations from the exponential behavior. From [29]

nential growth are observed earlier than in the calculations and there is no
decay of fluctuations for q > g in the simulations.

Both effects can be captured if we include fluctuations in the EPD calcu-
lations. The results of EPD simulations including fluctuations are presented
in Fig. 17. For q < q. and early times the calculations with and without fluc-
tuations mutually agree, and resemble the simulation results. At later times,
the growth rate decreases in the EPD and the simulations. For g > g, fluc-
tuations do not decay in the EPD but rather adopt their finite equilibrium
strength. The growth rates extracted from the EPD for g > q. rather mirror
the fact that some modes grow and others shrink during the time window of
the simulations, although the results have been averaged over 64 independent,
two-dimensional EPD calculations.
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Fig.17 Relaxation rates obtained through Monte Carlo simulations and EPD calculations
with random fluctuations for different time intervals. Fluctuations lead in both methods
to an earlier change in the exponential behavior of the growing modes. From [29]

The influence of the chain connectivity on the dynamics of the compo-
sition fluctuations does not only influence two-point correlation functions
like the global structure factor but it is also visible in the time evolution of
composition profiles in the vicinity of a surface [109].

The example highlights that both an accurate free energy functional as well
as an Onsager coefficient that describes the dynamics of the molecules are im-
portant for a quantitative description. Of course, this study has concentrated
on the simplest possible scenario. The assumption of the chain conforma-
tions being in equilibrium with the instantaneous composition field and the
neglect of hydrodynamics have to be addressed to explore the behavior of
more complex systems. Such a description of the kinetics of phase separa-
tion is important because many multi-component polymer systems do not
reach equilibrium on large length scales and the morphology of interfaces or
self-assembled structures depend on processing conditions.

8
Summary and Outlook

We have briefly reviewed methods which extend the self-consistent mean-
field theory in order to investigate the statics and dynamics of collective
composition fluctuations in polymer blends. Within the standard model of
the self-consistent field theory, the blend is described as an ensemble of Gaus-
sian threads of extension R.. There are two types of interactions: zero-ranged
repulsions between threads of different species with strength x N and an in-
compressibility constraint for the local density.
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In the EP theory one regards fluctuation of the composition but still in-
vokes a mean-field approximation for fluctuations of the total density. This
approach is accurate for dense mixtures of long molecules, because com-
position fluctuations decouple from fluctuations of the density. The energy
per monomer due to composition fluctuations is typically on the order of
xkgT ~ kgT/N, and it is therefore much smaller than the energy of repul-
sive interactions (on the order of 1kgT) in the polymer fluid that give rise to
the incompressibility constraint. If there were a coupling between composi-
tion and density fluctuations, a better description of the repulsive hard-core
interactions in the compressible mixture would be required in the first place.

Both the statics and the collective dynamics of composition fluctuations
can be described by these methods, and one can expect these schemes to
capture the essential features of fluctuation effects of the field theoretical
model for dense polymer blends. The pronounced effects of composition
fluctuations have been illustrated by studying the formation of a microemul-
sion [80]. Other situations where composition fluctuations are very important
and where we expect that these methods can make straightforward contribu-
tions to our understanding are, e.g., critical points of the demixing in a poly-
mer blend, where one observes a crossover from mean field to Ising critical
behavior [51,52], or random copolymers, where a fluctuation-induced mi-
croemulsion is observed [65] instead of macrophase separation which is
predicted by mean-field theory [64].

The application of the dynamic SCF theory [97] or EPD [29, 31, 109] to the
collective dynamics of concentration fluctuations and the relation between
the dynamics of collective concentration fluctuations and the single chain
dynamics is an additional, practically important aspect. We have merely illus-
trated the simplest possible case—the early stages of spontaneous phase sep-
aration within purely diffusive dynamics. In applications the hydrodynamic
effects [110, 111], shear and viscoelasticity [112] might become important.
Even deceptively simple situations—like nucleation phenomena in binary
polymer blends—still pose challenging questions [113]. Also the assump-
tion of local equilibrium for the chain conformations, which allows us to use
the SCF free energy functional, has to be questioned critically. Methods have
been devised to incorporate some of these complications [76, 96,99, 111, 112]
but the development in this area is still in its early stages.

Field theoretical simulations [74, 75, 80] avoid any saddle point approxi-
mation and provide a formally exact solution of the standard model of the
self-consistent field theory. To this end one has to deal with a complex free
energy functional as a function of the composition and density. This signifi-
cantly increases the computational complexity. Moreover, for certain parame-
ter regions, it is very difficult to obtain reliable results due to the sign problem
that a complex weight imparts onto thermodynamical averages [80]. We have
illustrated that for a dense binary blend the results of the field theoretical
simulations and the EP theory agree quantitatively, i.e., density and composi-
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tion fluctuation decouple [80]. In other systems, however, density fluctuations
are of crucial importance. Let us mention two examples: (i) Field theoretical
simulation methods can be used to study semi-dilute solutions [75,77], i.e.,
a compressible ensemble of Gaussian threads with repulsive interactions. In
dilute solutions the chains adopt a self-avoiding walk behavior, while in semi-
dilute solutions the excluded volume interactions are screened on a large
length scale [16]. The very same model has been extensively studied by series
expansions [114] and renormalization group theory [115] and those results
provide an excellent testing bed to gauge the efficiency of the field theoretical
simulation method. (ii) It is a challenge to apply field theoretical simula-
tions to particle-based models. This might provide valuable insight into the
relation between coarse-grained parameters, R and xN, of the standard
model of the self-consistent field theory and the parameters (temperature,
pressure/density and chain length) of a particle-based model.
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Abstract An extensive introduction to the topic of how to compute long-range interac-
tions efficiently is presented. First, the traditional Ewald sum for 3D Coulomb systems
is reviewed, then the P>M method of Hockney and Eastwood is discussed in some de-
tail, and alternative ways of dealing with the Coulomb sum are briefly mentioned. The
best strategies to perform the sum under partially periodic boundary conditions are dis-
cussed, and two recently developed methods are presented, namely the MMM2D and ELC
methods for two-dimensionally periodic boundary conditions, and the MMMI1D method
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for systems with only one periodic coordinate. The dipolar Ewald sum is also reviewed.
For some of the methods, error formulas are provided which enable the algorithm to be
tuned at a predefined accuracy.

Keywords Ewald methods - Long-range interactions - Coulomb sum -
Periodic boundary conditions - Dipolar sum

1
Introduction

Soft condensed matter (or soft matter, as it is often called) is a term for mate-
rials in states of matter that are neither simple liquids nor hard solids of the
type studied, for example, in solid-state physics. Many such materials are fa-
miliar from everyday life—glues, paints, soaps, baby diapers—while others
are important in industrial processes, such as polymer melts that are molded
and extruded to form plastics [1]. Biological materials are mainly made out
of soft matter as well: membranes, actin filaments, DNA, RNA, and proteins
belong to this class. Furthermore, most of the food we digest is soft matter.
All these materials share the importance of having length scales intermedi-
ate between the atomic and macroscopic scales: the relevant range for soft
matter lies between nanometers and micrometers. Examples are polymers,
colloids, liquid crystals, glasses, and dipolar fluids. Typical energies between
different structures are similar to thermal energies. Hence, Brownian motion
or thermal fluctuations play a prominent role. Another key feature of soft
matter systems is their propensity to self-assemble. The energy differences
during this process are small such that many neighboring states are normally
accessible through thermal fluctuations. This often results in complex phase
behaviors yielding a rich variety of accessible structures. Order does not nec-
essarily arise only on the single-molecule level, but quite commonly exhibits
a multitude of hierarchically ordered structures of sometimes tremendous in-
tricacy and complexity. Most of the biological systems are usually not even in
equilibrium but evolve among switchable steady states.

Given this wide field, research on soft material substances often acquires
knowledge from different areas, such as physics, chemistry, and biology.
Therefore, a high level of interdisciplinary cooperation may be required for
certain scientific questions.

In the past, our research has mainly focused on the study of charged
polymers (polyelectrolytes) and charged colloids, which serve as important
substances for many technical applications. Charged systems also occur in
biological environments (since most biological matter is charged) [2], and
modeling of explicit water molecules requires partial charges as well.

Computational simulations provide some unique ways to elucidate the
properties of charged systems. However, they are time-consuming, since the
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interaction between charged species is long ranged. Moreover, to compute the
interactions of all particles (here denoted by N) quickly and accurately, one
needs complex algorithms to beat the unfavorable 9(N?) complexity which
one obtains from simply counting all particle interactions.

In this contribution we give a short overview of state-of-the-art methods
of treating Coulomb interactions in fully or partially periodic geometries,
and also show how to treat dipolar interactions. We try to emphasize the
strengths and weaknesses of various methods to facilitate the right choice of
method for a particular problem. We highlight the level of control over the
unavoidable systematic error that each method intrinsically possesses. At the
end we give a short description of our simulation package ESPResSo [3,4]
that contains most of the presented methods. The source code of this soft-
ware, and consequently of the methods, is freely available as source code from
http://www.espresso.mpg.de.

2
Methods for the Coulomb Sum in Fully Periodic Boundary Conditions

For many physical investigations one wants to simulate bulk properties and
therefore introduce periodic boundary conditions in all spatial directions to
avoid boundary effects. For these kinds of boundary conditions, the famous
Ewald sum [5-8] does a remarkable job in splitting the very slowly converg-
ing sum over the Coulomb potential into two exponentially converging sums.
Still, this method suffers from two deficiencies. First, it is computationally
demanding. This is due to the fact that one part of the problem is solved
in reciprocal space, implying the need for several Fourier transformations.
Second, the algorithm scales like N? with N being the number of charged par-
ticles in the primary box, or at best like N*/2, if one uses cutoffs which are
optimized with respect to the splitting parameter [9]. The situation becomes
worse if only partially periodic boundary conditions are applied.

In fully periodic boundary conditions, the Ewald method can be acceler-
ated to a computation time scaling of N log N using fast Fourier transform-
ation (FFT) methods by replacing the charges with a regular mesh. Various
mesh-based methods exist, such as P>M, PME, or SPME, but P>M is known
to be the computationally optimal variant [10].

A completely different approach to the problem is due to Lekner [11] and
Sperb [12,13]. Although the method in the original Lekner formulation has
O(N?) complexity, Strebel and Sperb have developed a factorization approach
which yields an O(NlogN) algorithm [14], called MMM!. The Strebel ap-
proach can also be adapted for partially periodic systems [15]; however, the
method becomes computationally more expensive.

! The acronym MMM is due to R. Strebel and has no obvious meaning.
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Other advanced methods of order O(NlogN) are tree algorithms [16],
which are the first-order approximation of even better so-called fast mul-
tipole methods [17] (FMM). These methods can reach a linear complexity,
but at the expense of a heavy computational overhead, which makes them
advantageous only for a very large number of charges (N ~ 100 000) [18]. An-
other recent approach is to use multigrid methods which solve the Poisson
equation in real space [19,20]. These have the advantage that they should
be more useful on massively parallel architectures, since an efficient imple-
mentation of 3D FFTs is difficult to achieve on those machines. An additional
advantage could be the fact that for molecular dynamics (MD) simulations
the old Poisson solution can still be used as a starting point for the multi-
grid iteration, thereby improving drastically the convergence speed. Unlike
the mesh-based Ewald methods or the Sperb method, these methods can
be adapted for partially periodic boundary conditions without increasing
the computational complexity. However, these methods become much slower,
and therefore the crossover to the other methods might only happen at very
large values of N.

In this section we give an introduction to the Ewald summation, collect-
ing the important equations for energy and forces. We also discuss briefly the
fast multipole method and MMM. In the next section we present some recent
results of our research on how to deal with partially periodic boundary con-
ditions. Finally, we briefly discuss a new lattice method due to Maggs [21].
The material has been mainly collected from the sources [10, 15,22-27]. As
good textbooks for background material we recommend the second edition
of Frenkel and Smit [28] and the book by Allen and Tildesley [29].

2.1
The Standard 3D Ewald Method

There are many examples of long-range interactions that can be treated by
Ewald techniques [29]. Here, however, only the case of Coulomb point charges
will be discussed, i.e., an interaction potential 1/r. Consider therefore a sys-
tem of N particles with charges g; at positions r; in an overall neutral and, for
simplicity, cubic simulation box of length L. If periodic boundary conditions
are applied, the total electrostatic energy of the box is given by

1S diq
/ l]

E= , 1
meZ3 ij=1

where rj; = r; - rj, n counts the periodic images, and the prime denotes that
the summand for i = j has to be omitted for n = 0. Since this sum is only con-
ditionally convergent, its value is not well-defined unless one specifies the
precise way in which the cluster of simulation boxes should fill the R?, i.e.,
its shape, e.g., approximately spherical [7, 8,30, 31]. Usually a spherical limit
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is applied:
e T g
/ l J
E= . 2
ZZZZ|rij+mL| @
§=0 m2=§ i,j=1

In Sect. 3.2 we will have to deal with a different order of summation. If one
adds up the particles along z slabwise, i.e., ordered by increasing z-distance,
but radially in x and y, Smith [32] has shown that the difference between the
slabwise summed energy and the spherical summed up energy is given by

2w M? - M , 3)
3
where
N
M = (My, My, M;) = ) giti (4)
i=1

is the net dipole moment of the primary simulation box. We will see below
that the Ewald sum contains a summand 27 M?/3, which is just exchanged by
27 M? by this change of order.

The term 27 M?/3 is called the dipole term. Besides determining the order
of summation, it has another interesting property. The spherical summation
order is equivalent to the limit of a large, spherically bounded, regular grid
of images of the simulation box embedded in vacuum, basically a crystalline
ball (although for many particles the “crystal” may be quite complex). If the
surrounding space is filled by a homogeneous medium with a dielectric con-
stant ¢, the particles of the ball will feel a polarization force. It can be shown
that this leads to an additional contribution that will not vanish even in the
limit of an infinite ball, although then the complete space is filled by copies of
the simulation box. The additional contribution for the infinite ball is again
given by a modification of only the dipole term, which then reads

2nM?

28/ +1°
This again shows that even in the limit of a fully filled space the Coulomb
sum “remembers” the way the summation was done, which is of course only
possible due to its conditional convergence.

It is often stated that the long-range nature of the Coulomb potential com-
plicates the treatment of electrostatic interactions. This is, however, only one
part of the problem. In fact, the Coulomb potential bears two intrinsic diffi-
culties. It is slowly decaying at large distances, and strongly varying at small
distances. It is the combination of these two properties which leads to severe
problems. If only one of them was present everything would be comparatively
easy, since a short-range potential could be treated by a simple cutoff, as is

)
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done, for example, for interactions of the Lennard-Jones type, and a long-
range potential, which is periodic and slowly varying everywhere, can be
accurately represented by the first few terms of its Fourier series.

Obviously, each of the two complications forbids the simple solution of the
other, and the slowly decaying long-range part of the Coulomb potential ren-
ders a straightforward summation of Eq. 1 impracticable. The trick is thus to
split the problem into two parts by the trivial identity

L_f) 1-f0)

r r r

(6)

The underlying idea is to distribute the two complications between the two
terms in Eq. 6 by a suitable choice of the splitting function f. In particular:

e The first part f (:) should be negligible, or even zero, beyond some cutoff
Tmax> SO that the summation up to the cutoff is a good approximation to
(or the exact result of) this contribution to the total electrostatic potential.

e The second part ! f ) should be a slowly varying function for all r, so that
its Fourier transform can be represented by only a few k-vectors with |k| <
kmax. This permits an efficient calculation of this contribution to the total
electrostatic potential in reciprocal space.

Since the field equations are linear, the sum of these two contributions gives
the solution for the potential of the original problem.

The two requirements on the splitting function f mentioned above leave
a large freedom of choice [6,33,34]. The traditional selection is the com-
plementary error function erfc(r) := jﬂ froo dt e . This results in the well-

known Ewald formula for the electrostatic energy of the primary box:
E=E" + E® 4+ EO) 4 D 7)

where E() is the contribution from real space, E® the contribution from re-
ciprocal space, E the self-energy, and E@ the dipole correction. They can
be written as [28, 29]

1 ’ erfc(a|ri + mL|)
g = a2 J (8)
2 ”23 XJ: TGy mL
11 AT 12,42
E® = 2 € k) 9)
k#o
« 2
ﬁzqi (0
1

2
@_ 27
E (1+2s)V(Zq’r’) ’ (1)
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where the Fourier-transformed charge density p(k) is defined as

N
p(k) = / Fro(r)e* =" gje ki (12)
v =

2
where ke ZZ3 .

The advantage of rewriting Eq. 1 this way is that the exponentially converging
sums over m and k in Eqs. 8 and 9 allow the introduction of comparatively
small cutoffs without much loss in accuracy. Typically one chooses « large
enough as to employ the minimum image convention in Eq. 8. The inverse
length «, which is often referred to as the Ewald (or splitting) parameter,
tunes the relative weights of the real-space and the reciprocal-space contri-
butions. However, the final result of the exact Eq. 7, not terminating the sums
at some finite cutoff value, is independent of «. The form of Eq. 10 given for
the dipole correction assumes that the set of periodic replications of the simu-
lation box tends spherically toward an infinite cluster, and that the medium
outside this sphere is a homogeneous dielectric with dielectric constant &’ [7],
whereas inside we set for simplicity ¢ = 1. The derivation of this term is
not straightforward and requires an accurate mathematical treatment of the
conditional convergence of Eq. 1, and of the image charges generated in the
corresponding dielectric medium. Note that the case of a surrounding vac-
uum corresponds to ¢’ = 1 and that the dipole correction vanishes for metallic
(or “tinfoil”) boundary conditions, since then &’ = co. A detailed discussion
of this term can be found in (7, 8,31]. The dipole correction in Eq. 10 is in-
dependent of the Ewald parameter «. This again shows that the correction is
not specific to the Ewald sum but more generally reflects the problems inher-
ent to the conditional convergence of the n sum in Eq. 1. For the computation
of E@ the particle coordinates must not be folded back into the primary unit
cell, for otherwise each boundary crossing produces an unphysical jump in
the electrostatic energy (see [30]). The cutoffs rmax and kmax can be opti-
mized with respect to « such that the required computer time scales like N3/
(see Perram et al. [9]). This, however, may require that ry,x > L/2 prohibiting
the simple minimum image convention in real space and rendering this pro-
cedure less tempting. For given finite real- and reciprocal-space cutoffs there
exists an optimal « value such that the accuracy of the approximated Ewald
sum is the highest possible. This optimal value can be determined easily with
the help of the excellent estimates for the cutoff errors derived by Kolafa and
Perram [35], essentially by demanding that the real- and reciprocal-space
contribution to the error should be equal. If the system under investigation is
not electrostatically neutral, the infinite sum in Eq. 1 diverges. It can be made
convergent by adding a homogeneously distributed background charge which
restores neutrality—a typical situation for one-component plasma simula-
tions. This results in an additional electroneutrality term E to be included
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in Eq. 7, which reads (see, e.g., [36])

2
m__ 7 ‘
En __MV(Z%) , (13)
1

Since the neutralizing background is homogeneous, the correction term in
Eq. 13 is independent of the particle positions.

The force F; on particle i is obtained by differentiating the electrostatic
potential energy E with respect to r;, i.e.,

Using Eqs. 7-12 one obtains the following Ewald formula for the forces:
im0+ B0 4 B0, 09

with the real-space, Fourier-space, and dipole contributions given by:

1 2
F§’) :qi;%z (\/n exp(- a2|rij+mL|2)

meZ3

erfc(alrj + mL|)\ rij+mL
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j k#0
4mq;
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’ (1+2¢)V ;qfr] (18)

Since the self-energy in Eq. 10 and the neutralizing contribution in Eq. 13 are
independent of particle positions, they do not contribute to the force.

2.2
The Particle Mesh Ewald Idea

The Fourier transformations involved in Eqs. 9 and 17 are the most time-
consuming part of the Ewald sum. Several methods have been proposed to
address this problem, e.g., tabulation of the complete Ewald potential [37]
or the use of polynomial approximations. A particularly successful approach
for the latter is the expansion of the nonspherical contributions to the Ewald
potential in cubic harmonics [37, 38]. Apart from the difficulty of computa-
tional overheads which may strongly increase with the desired accuracy, these
methods do not solve the additional problem of unfavorable scaling with par-
ticle number. At best they scale as N3/2, which is more costly than a plain
cutoff or reaction field approach.
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The essential idea is not to avoid the Fourier transformations but to mod-
ify the problem in such a way that it permits application of the FFT (see,
e.g., [39] and references therein). This reduces the complexity of the recipro-
cal part of the Ewald sum to Nlog N. For an increasing number of particles
the real-space cutoff can be varied in such a way that this scaling applies to
the complete Ewald sum. Since the FFT is a grid transformation, there are
discretization problems to be solved and corresponding discretization errors
to be minimized. Performing the Fourier transformations in the reciprocal
space part of the Ewald sum by FFT routines is by no means straightforward:

1. The point charges with continuous coordinates have to be replaced by
a grid based charge density, since the FFT is a discrete and finite trans-
formation.

2. It is neither obvious nor true that the best grid approximation to the
continuum solution of the Poisson equation is achieved by using the con-
tinuum Green function [40].

3. There are at least three possibilities for implementing the differentiation
needed in Eq. 14. They differ in accuracy and speed.

4. The procedure of assigning the forces calculated on the mesh back to the
actual particles can, under certain circumstances, lead to unwanted viola-
tions of Newton’s third law. They can be anything between harmless and
disastrous.

The four steps involved in a particle mesh calculation are sources of various
kinds of errors originating, for example, from discretization, interpolation,
or aliasing? problems. Since these contributions are not independent of each
other (reducing one might enhance another), the only reasonable demand is
the minimization of the total error at a given computational effort.

The original literature on particle mesh routines is usually not easy to
digest for the nonspecialist. It is obscured by the fact that various authors
approach the problem from different directions and use different notations.
There exist three mesh implementations of the Ewald sum—similar in spirit
but different in detail. The oldest is the original particle-particle-particle
mesh (P>M) method of Hockney and Eastwood [40], and then there are two
variants, namely, the particle mesh Ewald (PME) method of Darden et al. [41]
and an extension of the latter by Essmann et al. [42], which is usually referred
to as the smooth particle mesh Ewald (SPME) method.

In two papers by Deserno et al. [10,22] it was shown how the three
methods differ in detail, and it was demonstrated that the oldest method,
namely the original P*M algorithm, is actually the most accurate one. Since in
addition error estimates exist [22], this mesh method should be the preferred
method of choice. For historical reasons, however, many program packages

2 A finite grid cannot represent arbitrarily large k-vectors. Instead, they are folded back into the first
“Brillouin zone” and distort there the true spectrum. This effect is usually referred to as “aliasing”.
See, e.g., Sect. 12.1 in [39].
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have implemented the SPME method. We still have some hope that this will
change in the future. The ik differentiation of PME and the analytic differ-
entiation of the charge assignment function in real space of SPME can both
also be used in P3M, making it the most versatile mesh algorithm on the
market. Our experience shows that the break-even point between a standard
Ewald sum and the P>M algorithm is around 600-800 charges, depending on
the implementation details and desired accuracy. The algorithm can also be
efficiently parallelized [43, 44].

2.3
P3M in a Nutshell

The P>M method maps the system onto a mesh, such that the necessary
Fourier transformations can be accomplished by fast Fourier routines. At the
same time the simple Coulomb Green function 477/k? is adjusted to make the
result of the mesh calculation most closely resemble the continuum solution.

The first step, i.e., generating the mesh-based charge density pm (defined
at the mesh points r,), is carried out with the help of a charge assignment
function W:

N
1
i) = s > Wi, - ). (19)

i=1

Here h is the mesh spacing, and the number of mesh points Ny = L/h along
each direction should preferably be a power of two, since in this case the
FFT is most efficient. The charge assignment function is classified according
to its order P, i.e., between how many grid points per coordinate direction
each charge is distributed. For W a cardinal B-spline [45] is chosen, which is
a piecewise polynomial function of weight one. The order P gives the number
of sections in the function. The first seven cardinal B-splines are sketched in
Fig. 1. Its Fourier transform is

(20)

0 = (sin( Ukeh) sin( L kyh) sin(;kzh))P

1 1 1
Ykeh  Mh lkeh

In a second step the mesh-based electric field E(r,) is calculated. Basically, the
electric field is the derivative of the electrostatic potential, but there exist sev-
eral alternatives for implementing the differentiation on a lattice [10]. Here
we will restrict ourselves to the case of ik differentiation, which works by mul-
tiplying the Fourier-transformed potential with ik. In this case E(r,) can be
written as

<« — R
E(rp) = FFT [— ik - FFT [pm] - Gopt] (rp). (21)
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Fig.1 Sketch of the first seven cardinal B-splines M(")(x), parameterized by P. Note that
the charge assignment functions W) (x) for the P>M algorithm are just the “centered”
B-splines

In words, E(rp) is the backward finite Fourier transform of the product of - ik,
the forward finite Fourier transform of the mesh-based charge density pu,
and the so-called optimal influence function Gopt, given by

D(k)- Y pezs U2k + T m)R(k + 7 m)

Goptk) =" _ N (22)
Pt ID(K)|2 [ ezs U2k + 27 m)]2

with  R(k):=- ikg ek /aa? (23)

and Uk) :=W(k)/h. (24)

Here D(k) is the Fourier transform of the employed differentiation operator,
which is simply ik in our case. Finally, one arrives at the force on particle i,
i.e., the replacement of Eq. 17:

Fi=g; Z E(rp)W(ri-1p). (25)
rpeM

Hereby, the sum extends over the complete mesh M.

Although the presented formulas in Egs. 19-25 look somewhat compli-
cated, they are rather easy to implement in a step-by-step procedure. If the
real-space cutoff rpay is chosen small enough (so that the real-space contribu-
tion Eq. 16 can be calculated in order N), the complete algorithm is essentially
of order NlogN (see the article by Petersen [46] for a nice exposition of this
point).
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24
How and Why to Control Errors

An investigation of the errors connected with particle-mesh Ewald methods
is important for three reasons:

1. The procedure of discretization introduces new sources of errors in ad-
dition to the ones originating from real- and reciprocal-space cutoffs.

2. Comparing the efficiency of different mesh methods is only fair if it is
done at the same level of accuracy.

3. The tuning parameters should be chosen in such a way as to run the algo-
rithm at its optimal operation point.

The two last points, of course, apply to any numerical method to compute
energy or forces for the Coulomb or dipolar sum. Error estimates can tell
us if we might see artifacts in simulations due to too small cutoffs, or if
our observations have some other origin. They can tell us how the algo-
rithm scales at its optimal point and they can help us save a lot of expensive
computer time. Unfortunately, some of the free or commercially available
computer programs choose parameter combinations automatically, according
to some more or less known rules. Often, the user is not aware of the ap-
plied approximations, which is a very dangerous route, since, after all, one
needs to interpret the data. Therefore, we stress here the point that for all
our implemented routines where we have error estimates, we make use of
them.

However, there is no unique or optimal measure of accuracy. If MD sim-
ulations are performed, the main interest lies in errors connected with the
force, while in Monte Carlo (MC) simulations one is concerned with accu-
rate energies. In the simulation of ensemble averages it is the global accu-
racy, measured, e.g., by root-mean-square quantities, which is important. In
the simulation of rare events local accuracy and maximal errors are rele-
vant as well. Errors in the force can be due to their magnitude or due to
their direction. And finally, one might be interested in absolute or relative
errors.

Whatever quantity one decides to look at, it can be investigated as
a function of system parameters like particle separation or distribution, tun-
ing parameters like «, mesh size, or interpolation order and components
of the algorithm, e.g., interpolation or differentiation scheme or splitting
function f(r). This obviously gives rise to a very large number of combi-
nations. In other words, the corresponding parameter space is large and
nontrivial. That is, general statements concerning the performance of one
method can usually not be extracted from low-dimensional cuts through
this space, because different methods scale differently with respect to their
parameters.
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We are concerned with one measure of accuracy, namely the root-mean-
square (rms) error in the force given by

N
1 2
AFi= | §i=1 (Fi - F§=)7, (26)

where F; is the force on particle number i calculated via some mesh method
and F$*® is the exact physical force on that particle, calculable, e.g., by a well-
converged standard Ewald sum. There exist error estimates for the real-space
and Fourier-space contribution to this error for the standard Ewald sum [35],
for the PME method [46], and for the P>M method [22].

Here we show the dependence of the rms error in the force in Eq. 26 on the
number of charged particles and their valence®. Since the assumptions and
arguments involved are of a rather general nature, the result is not specific to
a certain type of Ewald method.

It is reasonable to assume that the error in the force on particle i can be
written as

AF;:=F; - foa =q; Z qjXij - (27)
j#

The idea behind this ansatz is that—just as it is true for F;—the error in F;
originates from the N - 1 interactions of particle i with the other charged par-
ticles, and each contribution should be proportional to the product of the two
charges involved. The vector x;; gives the direction and magnitude of this
error for two unit charges, and depends on their separation and orientation as
well as on the specific algorithm used for calculating the electrostatic forces.
For this term it is further assumed that

(Xij : Xik) =djk <X12]> = ijZ» (28)

where averaging over the particle configurations is denoted by the angular
brackets (- - - ). The underlying assumption that contributions from different
particles are uncorrelated is certainly not always true; think, for example, of
highly ordered or strongly inhomogeneous particle distributions. However, it
is a sensible one for random systems. Obviously, the term ( x?j)—the mean-
square force error for two unit charges—can no longer depend on i and j, and
is thus written as x2. Using Eqs. 27 and 28, it follows that

((AF) =7 Y > giarlxii- xie) = 41 x°Q7%, (29)
j#i ki

3 Note that this is by no means the only interesting measure of accuracy.
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where the important quantity @2 is defined as
N
Q%= Z qu . (30)
j=1

We further assume that

N

N
< ;Z(AF,-)2>% ;Z((AF,-)Z), (31)
i=1

i=1

which can be shown as true for reasonably large systems by the law of large
numbers, along the line of reasoning in Ref. [22]. We end up with the final
relation

QZ

AF~ N (32)
Thus, the scaling of the rms error in the force with particle number and va-
lence is given by the factor @2N'/2, whereas the prefactor y—which cannot
be obtained by such simple arguments—contains the details of the method
and is independent of the simulated system. Note that any information on the
valence distribution enters only through the value of @2.

The most interesting ingredient of the P°M method is the optimal influ-
ence function from Eq. 22. It is constructed such that the result of the mesh
calculation is as close as possible to the solution of the original continuum
problem. More precisely, the P>M method is derived from the requirement
that the resulting Fourier-space contribution to the force minimizes the the
following error measure Q:

Q:= ]113 / &r / &Er[F(r;r) - R (33)
K3 L3

F(r;r;) is the Fourier-space contribution of the force between two unit
charges at positions r; and 1 + r as calculated by the P°M method (note that
due to broken rotational and translational symmetry this does in fact depend
on the coordinates of both particles), and R(r) is the corresponding exact ref-
erence force (whose Fourier transform is just Eq. 23). The inner integral over
r scans all particle separations, whereas the outer integral over r; averages
over all possible locations of the first particle within a mesh cell. Obviously,
up to a factor L3 this expression is just the mean-square error in the force
for two unit charges, in other words, the quantity x2 from Eq. 28. This pro-
vides a link between the rms error of an N particle system and the error Q
from Hockney and Eastwood. Using Eq. 32 one obtains

Q

AF ~ @Q? .
NL3

(34)
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It is important to realize that Hockney and Eastwood not only provide
a closed expression for the optimal influence function Gopt, but also a closed
expression for the corresponding “optimal error” Qopt = Q[Gopt]

Qopt =5 'y > [Rek+ ZZ m)]2 (35)

keM | mez3
‘D(k) " wezs D2k + 2 m)R (k + 2 m)‘

DO [Xpezs T2k + 2 m)]?

The outer sum extends over all k-vectors of the Fourier-transformed mesh
M, and the asterisk denotes the complex con)ugate Once again, in the special
case of ik differentiation one has D(k) =

Admittedly, Eq. 35 looks rather comphcated. Still, in combination with
Eq. 34 it gives the rms force error of the P*M method or, more precisely, of
1ts Fourier-space contribution. After all, the computation of Qopt and that of
Gopt are quite similar. It should be emphasized that the formula Eq. 35 for the
optimal Q value, just like the one for the optimal influence function in Eq. 22,
is of a very general nature. It also works for different charge assignment func-
tions, reference forces, or any differentiation scheme which can be expressed
by an operator D(k).

The corresponding rms error in the force from the real-space contribution
in Eq. 16 has been derived by Kolafa and Perram [35] and is provided here for
reference purposes:

2
AR~ 2 exp(- a?r2, ). (36)
NrmaxL?

With these two estimates at hand it is easy to determine the optimal value of
the splitting parameter « via a stand-alone program, which takes the relevant
system parameters (N, Q2% L) and specifications of the algorithm (rmax, NMm,
P) as its input. If real- and reciprocal-space contributions to the error, AF"
and AF(®), respectively, are assumed to be statistically independent, the total
error is given by

AF = \/ (AFM)? + (AF®)?, (37)

This quantity has to be minimized with respect to «. In most cases it is,
however, accurate enough to use the following approximation: determine the
value of o at which the real- and reciprocal-space contribution to the rms
force error are equal.
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2.5
FMM

The key to the improved scaling of the Ewald method is a product decomposi-
tion of the Fourier-space sum. In contrast, the multipole methods [17, 47, 48]
are based on a product decomposition in real space. This requires a prod-
uct decomposition of the plain 1/r potential. Now let x = (r,6,¢) and y =
(r,0',¢') be the spherical coordinates of two points, ¥’ < r, and let y = /(x, y)
be the angle between the origin and x and y. Then |x - y| =r? + 1 2_2r cosy
and cosy = cos6 cos6’ + sin6 sin 6’ cos(¢ - ¢'). The multipole expansion of
1/|x - y| is then given by

o m

Y o Palcosy), 68)
r

n=0

1 —
|x -yl

where the P, are the Legendre polynomials. This is not yet a product decom-
position since y is a mix of coordinates of both points. We separate them
using the addition theorem for the Legendre polynomials

Py(cosy)= > Y,"(0,¢)Y7(0:0),

m=-n

where Y are the surface harmonics of the first kind. The final product
decomposition is given by

L () (T4, 9)
Ix - y| L i+l

Because of the requirement ' < r, we cannot use a single origin for all in-
teractions, and also the interactions of particles close together have to be
calculated directly because of the bad convergence of the multipole expan-
sion. This problem is similar to the problem of the short-range forces, where
only the interactions with close cells have to be treated. In the case of the mul-
tipole method, we treat all cells not adjacent using the multipole expansions,
while the adjacent cells are treated using the standard pairwise Coulomb sum.
But to gain anything from the multipole expansion, we have to be able to
combine the multipole expansion from the remote cells with a multipole ex-
pansion of larger clusters. This requires a procedure to shift the origin of
a multipole expansion, which can be achieved by simple linear recombina-
tions of the coefficients (Y,;"’(Q’ , )Y n) and is called a translation operation.
During the expansion process, it is advantageous to be able to exchange the
roles of the particles during a shift, i.e., to translate the origin of the expan-
sion from the vicinity of one of the particles to that of the other which is
similarly possible. This procedure is called a conversion operation.
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Now let us assume that the number of cells per simulation box side is
a power of two, S = 2L, where L is termed the number of levels. Eight of the
cells of the lowest level are always combined to form a division of the simu-
lation box into 2E-1 larger cells per side, and so on. We can combine the
multipole expansions of eight neighboring level L cells through translations
into one multipole expansion for the cell of level L - 1 formed by the eight
original cells. This procedure can be continued again to obtain multipole ex-
pansions for all cells on each level. Once we have arrived at the bottom level
L =1 we convert the expansion to local expansions in all three other top-level
cells and distribute them up to the higher levels again until for all cells the
multipole expansion of the full system is available. The multipole expansions
for the top level are used to calculate the electrostatic interaction. A graphical
representation of this procedure is shown in Fig. 2.

SN
/ AT\

N

)

Fig.2 Graphical representation of the multipole expansion procedure. The dotted lines
represent the calculation of the multipole expansion and of the energy rsp. forces, and
the solid lines represent translations and conversionss

Here, only the data flow from one cell to another is shown. In a real simu-
lation this flow occurs for all pairs of cells, and of course the number of cells
is much larger.

In pseudo code the energy respective force calculation looks like this:

for each particle i
add contribution of particle p to the
local multipole expansion of its cell
end
foreach[=L...2
for each cell c of level [
add multipole expansion to expansion of the
level I - 1 supercell, translated to its center
end
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for each cell ¢ of level [
for each cell ¢’ of level I
add converted contribution of cell ¢ to the
local expansion for cell ¢
foreach[=2...L
for each cell ¢ of level [
calculate local multipole expansion from the
translated expansions of same-level neighbors
and of the level I - 1 supercell
end

The number of terms needed in the multipole expansion only depends on
the precession requirement and the number of particles in a cell. At constant
density and constant number of particles per cell the number of operations
therefore only depends on the loops shown above, which are all either of
order N or $3(1+1/8 +1/64 +...) = O(N), such that the overall computa-
tional order is @ (N). One drawback of the method is that all the intermediate
multipole expansions have to be stored, since they are needed in the last loop.
This can use a considerable amount of memory, since the number of terms in
the multipole expansion can be large.

Tree codes or Barnes-Hut methods [16] work similarly with respect to
the generation of the multipole expansions, but use a different algorithm for
spreading them to the other cells. This algorithm is not strictly hierarchical
and therefore reduces the computational order to @(N log N), but consider-
ably less memory is consumed. The algorithm presented so far is only suitable
for the nonperiodic case, but modifications for arbitrary periodic boundary
conditions exist in terms of modified coefficients of the multipole expansion.
These coefficients are obtained from the traditional Ewald sum or the corres-
ponding method for partially periodic boundary conditions. However, due to
the increasing number of coefficients, the multipole methods are quite slow,
and only for around a million particles do they become comparable in speed
to the P°M method.

2.6
The Lekner Sum

Both the fast multipole methods and the Ewald-type methods adhere to the
spherical summation order for the electrostatic interaction. In contrast to
this, Lekner came up with a different formula [49], which is based on trans-
forming the force sum along only one coordinate into a rapidly converging
sum. Naturally, the summation order is rodwise, along the transformed co-
ordinate first. This alone is no problem, since the difference to the spherical
limit is given by a multipole of the dipole moment, very similar to the slabwise
summation [50]. Also, the change to forces instead of energy is problematical,
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since it is equivalent to changing the order of differentiation and summation
in the only conditionally convergent Coulomb sum. Nevertheless, the Lekner
summation has been used frequently in recent computer simulations [51-
53], mainly because of its extremely good convergence, which makes it very
favorable for small numbers of particles.

We need to introduce some change in notation here [15], which will be
used frequently in the following calculations. Let the simulation box dimen-
sions be A x Ay x 4. Then the real-space lattice vectors are

M 1= (kKh, Iy mAZ)T,  mpgi=njgo,  and  ng = ngg (40)

for k, I, m € Z. The inverse box dimensions are

1 1 1
ug=_, uy=_, and u,=_ . (41)
)\.x )\-y )"Z

The relative particle positions are

pij = (xij» yij» 2ij) = pi - pj - (42)

For r = (x, y, z) the distances from the origin to the (k, [, m)th periodic image
are

it = |7+ Mgl =[O+ K2 + (5 D)2 + (2 mi 2 (43)

Tk =Tkios Tk=Tko, and r=rg

and the yz-plane distances are

Olm = \/ (+Iy)2+(z+mr)> p=pp and p=pp. (44)

To obtain the Lekner summation formula, one treats the summation along the
z-axis as a function of z and expands this function in a Fourier series. This
results in the force formula

’I:“,- =8m Z qiq; Z ZPKO (Znuxp,olm) cos(2mu,px) . (45)

j#i l,meZ p>1

The tilde on the force denotes that this force is different from the forces
obtained by using the spherical summation limit. The representation is never-
theless well convergent, at least if all charges g; are well separated in y and
z from g;, i.e., if ppy is large enough for all [, m. By spatial symmetry we can
choose the coordinate of closest approach as the x-coordinate. For particles
close together in all coordinates one has to employ a different method to cal-
culate the electrostatic interaction; see, for example, Sperb [53], who suggests
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the following formula

F,-:Saniqj Z , ‘ N (46)
j#i LLmeZ ('Olm +2z )2
%)
_ Z (_k3>r2k(,¢_(2k+p)(1 + Z) _ ¢(2k+p)(1 _ Z))) ,

k=0

where /("™ denotes the mth polygamma function. This version, in contrast,
only converges for small pj,, values, but again is very fast. Since we can choose
the Fourier-transformed coordinate freely in Eq. 45, this equation can be used
efficiently if at least one of the coordinates is sufficiently large. For particles
which are close, we use the alternative form of Eq. 46. Consequently, the for-
mulas are called far and near, respectively, in the following sections. This
concept is also used in the MMM, MMM2D, MMM1D, and ELC methods pre-
sented below.

For the Lekner method, upper error bounds can be given easily since the
Bessel functions drop essentially exponentially fast, allowing for a simple ap-
proximation of the sum by an integral. These error estimates are much less
sharp than the error estimates for the Ewald-type methods, but here the error
bound only enters logarithmically into the computation time, so that exces-
sive accuracy has only a small impact on the overall performance.

2.7
MMM

Yet another approach to tackle the conditionally convergent Coulomb sum is
used for MMM. Instead of defining the summation order, one can also mul-
tiply each summand by a continuous factor c¢(, 7ij, i) such that the sum is
absolutely convergent for 8 > 0, but ¢(0, .,.) = 1. The energy is then defined as
the limit 8 — 0 of the sum, i.e,, B is an artificial convergence parameter. For
a convergence factor of e”Pim the limit is the same as the spherical limit, and
one can derive the classical Ewald method quite conveniently through this
approach [50]. To derive the formulas for MMM, one has to use a different
convergence factor, namely e #/"i*™inl which defines the alternative energy

N
~ 1,
E=,lim D 2.

kLmeZ ij=1

' qig; e~ Blpij+1kim| (47)
\pij + Nkim|

The limit E exists, but differs by some multiple of the square of the dipole mo-
ment from the spherical limit as obtained by the Ewald summation [50]. From
the physical point of view, the Coulomb interaction is replaced by a screened
Coulomb interaction with screening length 1/8. E is then the energy in the
limit of infinite screening length. But because of the conditional convergence
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of the electrostatic sum, this is not necessarily the same as the energy of an
unscreened system. Since the difference to the Ewald methods only depends
on the dipole moment of the system, the correction can be calculated easily in
linear time, and can be ignored with respect to accuracy and computational
time.

Starting from this convergence factor approach along the lines of the
Lekner sum, R. Strebel and R. Sperb constructed a method of computational
order O(N log N), MMM [54]. The favorable scaling is obtained, very much as
in the Ewald case, by technical tricks in the calculation of the far formula. The
far formula has a product decomposition and can be evaluated hierarchically,
similar in spirit to the fast multipole methods.

The goal is to find a pairwise interaction ¢ satisfying

E=

L
5 qiqi®(xij» yijs Zij) - (48)

ij=1
For particles sufficiently separated in the z-axis, one can Fourier transform
the outer sum in Eq. 47 along both k and [. The resulting formula is singular
in B — 0, however, the singularity is independent of the particle coordinates,
and therefore vanishes due to charge neutrality and the summation over all
charges. For the remaining part of the Fourier-transformed equation, the

limit 8 — 0 can be taken straight forward. One obtains a representation in the
form of Eq. 48, with the far formula for ¢ given by

eZﬂquz + eanpq(Az—z)

(%, 3, 2) = uxuy Z o2mitlyqy 2migpx (49)
pa#o Jpg (eanpqu - 1)
+ 27 Uyl (uZZZ o4 )»62) ’
where
foa =+ @ fy= waps fy= ety (50)

wp =2muxp, and wg=27U,q.

The advantage of this formula is that it allows for product decomposition into
components of the particles. For example,

e2rrquz — eZTL'qu(Zi—Zj) — eZJ'rquz,' e—ZTL’quZj

etc. Therefore, one just has to calculate the sum over all these exponentials
on the left side and on the right side, and multiply them together, which can
be done in O(N) computation time. As can be easily seen, the convergence of
the series is excellent as long as z is sufficiently large. By symmetry, one can
choose as z the coordinate with the largest distance in order to optimize the
convergence. Similar to the Lekner sum, we need a different formula if all co-
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ordinates are small, i.e., for particles close to each other. For sufficiently small
uyp and u,x we obtain the near formula as

- cosh(2mfpyz . .
¢(x’y, 2) =2uxuy Z ( ﬁ’q ) eZmu},qyeZmuxpx (51)

0,250 f:Dq (eZprq}»z _ 1)

+ 4u, Z (KoQmuxppr) + Ko(2muxpp-1)) cos(27 uxpx)

Lp>0
ban . \2n
- 2uy ; 2n(;n)! Re((2uy(z + iy))*")
= I\ (YD + wex) + Y@ (1 - ugx))
2 2n
ik Z(:) ( n ) (2n)! p
-2log(4m).

Note that this time we calculate ¢ instead of ¢, which denotes that we omit
the contribution of the primary simulation box. This is very convenient, as
it includes the self-energy case, and makes ¢ a smooth function. To obtain ¢
one has to add the 1/r contribution of the primary box, except for the self-
interaction of a particle. The self-energy term is given by

$(0,0,0) =2uzuy » +8uux Y Ko(2muydypl) (52)
2450 Jpq (eznf""“ - 1) 1,p>0

+ 2u, O (1) - 21og(4n).

Equation 51 is derived using the same convergence factor approach as used
for Eq. 49, and consequently the same singularity in § is obtained (and omit-
ted). This is important, since otherwise the charge neutrality argument does
not hold and the limit 8 — 0 cannot be performed.

By a simple implementation the simulation box is segmented in B = $3
smaller boxes or cells. For all particles the interactions within the cell itself
and the 26 neighboring cells are treated using the near formula, while for the
rest the far formula is used (see Fig. 3).

u

Fig.3 Two-dimensional representation of the splitting of the interactions calculation
using near and far formulas



Efficient Methods to Compute Long-Range Interactions for Soft Matter Systems 81

The interactions of the black cell with the light gray cells is done via the
near formula, while all the dark gray cells are treated using the far formula.
One first determines the product decomposition components for each cell
and then adds them up over all pairs of cells which are not neighbors.

Of course, the infinite sums have to be cut off at some radius. The cut-
off radii can be determined using error formulas, for example the maximal
error, denoted by 74, of ¢. It is calculated by summing the far formula up to
a pq cutoff of R, hence

e—Zn'Rr

Ty~ . (53)
where r is the distance between the particles. The error formula reflects the
condition that two particles have to be sufficiently separated to efficiently use
the far formula. The error estimates are similar to those that will be presented
for MMM2D later.

Using the algorithm described above, the minimal distance of two particles
calculated with the far formula is 1,/S. Therefore, for a constant pairwise
error the Fourier-space cutoff R has to be chosen proportional to S. This leads
to a calculation time for the far formula of @(NS?). The near formula has to
be used for O(N2S73) particle pairs. Since the calculation time for the near
formula is practically parameter independent, this is also the scaling of the
calculation time. The total computation time has a minimum for S ~ N'/3,
resulting in an overall computation time scaling of O(N7/%).

To decrease the computational effort of MMM down to O (N log N) we use
the periodicity of the axis which dominates the error, i.e., in which the par-
ticles are closest. Since the far-formula error of MMM2D is dominated by
the error in the nonperiodic direction, the following cannot be transferred to
MMM2D, and is unique to the MMM method.

We assume that the number of cells per side is a power of 2, i.e., S = 2L, The
main idea is to increase A,/S not by decreasing S, but rather by increasing A,.
This is possible due to the periodic boundary conditions, as we will see now.

Again, the idea will be presented graphically in two dimensions, and again
we calculate the interactions with the small black cell. First, the primary
simulation cell will be divided into small cells along the x-coordinate (see
Fig. 4).

The particles in the right part are far away and can be calculated using the
far formula with a reasonably small cutoff.

The other half will now be calculated using a cell length of A, /2. This intro-
duces artificial particles in the right part, which are just copies of the particles
in the left side. Their contribution can be subtracted easily together with the
contribution of the real particles in the right half (see Fig. 5).

Now we are left with a cell containing roughly N/2 particles (provided the
simulation cell is filled homogeneously) and cell dimensions A,/2 x A, X A.
For this system we apply the same trick again to one of the other axes, e.g.,
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Fig.4 Division of the primary simulation cell into nearby and far away regions

Fig.5 Calculation for particles in the left part in Fig. 4

y, then to z and again to x, and so on, until the calculation using the near for-
mula is more efficient than another subdivision. The subdivision occurs in the
coordinate which occurs in the exponential. Therefore, the shift of the particle
coordinates is actually only a multiplication.

This algorithm can be further optimized with respect to computation time,
but even in the present form one can see that its implementation is more
demanding than the Ewald or FMM methods. The implementation is even
more complex, since the presented code should work with all three coordi-
nates symmetrically for reuse in the subdivision steps. The calculation time
for each of the subdivision steps is proportional to half the number of par-
ticles left, i.e., N/2,N/4,N/8,.... To maintain a constant calculation time of
the near formula, one has to ensure that 2X ~ N or L ~ log N. Therefore, the
overall computation time is O(NL) = O(NlogN).

Upper error bounds can be found easily by approximating the sums with
integrals (see [54]). As for the Lekner sum, the additional accuracy has to be
paid for with only a small decrease of computational performance; therefore,
MMM is the method of choice if high accuracy is required.

3
Two Periodic Dimensions

Thin polyelectrolyte films or interactions of charged species with mem-
branes require a different periodicity, where only two dimensions are pe-
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riodically replicated, while the third one has finite extent h (2D + h geom-
etry). For this geometry the original Ewald sum has to be modified. For
such systems Ewald-based formulas are only slowly convergent, have mostly
O(N?) scalings, and no “a priori” error estimates exist [55]. A fast Ewald-
based method has been put forward in Ref. [56], where the Fourier sum
is specially treated with an integral approximation. However, in our opin-
ion, this introduces noncontrollable errors, which makes the method use-
less [57]. The Lekner method, which is based on a resummation of the
force sum, can also be used; however, it has an O(N?) scaling, and special
care has to be taken for particles which are nearby in the nonperiodic di-
mension (see also the discussion of Mazars [51] on accuracy problems). As
discussed before, one can use multipole methods; however, this approach
is only favorable for huge numbers of particles and not suited to typical
simulations.

Recently we proposed a new method called MMM2D [24, 58], which has an
O(N>/®) complexity and full error control that is based on a convergence fac-
tor approach similar to MMM [12]. In two dimensions the convergence factor
based methods and the Ewald sum methods yield exactly the same results.
However, this will still only allow simulations including up to a few thousand
charges due to the power law scaling.

Because of the superior scaling of the methods for fully periodic systems,
there have been early attempts to use the full 3D Coulomb sum also for
slab problems. The main idea is to fill only parts of the simulation box with
charges and to leave some space empty, in an attempt to decouple the interac-
tions in the third dimension [59-61]. Since each image layer is globally neu-
tral, one hopes that their interactions decay as they become more and more
distant, i.e., as the size of the gap is increased. In this way one could make
use of any advanced 3D Ewald implementation (see also Ref. [62] for a vari-
ant of this idea). In the following discussion we present the ELC approach
which allows one to subtract the contributions of the image layers again,
thereby allowing for much smaller gap sizes and accelerating the method
considerably.

3.1
The MMM2D Method

Since the ELC method is based on the MMM2D method, and because
MMM2D is computationally faster than any 3D method in combination with
ELC for small numbers of particles, we start with a short description of
MMM2D. In analogy to MMM, we use a representation with an appropriate
pairwise interaction ¢, given by Eq. 48. Unlike the fully periodic case, in par-
tially periodic boundary conditions the convergence factor energy E is equal
to the energy obtained from the standard spherical summation. The pairwise
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interaction ¢ is given by the MMM2D far formula

e—2n’qu|z|
@(x,y,2) = duxuy f cos(wpx) cos(wqy) (54)
pg>0 P4
-21fgl|z -21fpl|z
+ 2uxuy Z ¢ ffql | cos(wqy) + Z ¢ ffpl | cos(wpx)
q>0 p>0
- 2muxuylz|,

using the same notations as for Eq. 49. Note that the far formula is well con-
vergent for |z| 3> 0. The near formula is

$(x,7,2) =41z Y (Ko(wpp1) + Ko(wpp_1)) cos(wpx) (55)
Lp>0
b o
2n . n
- 2us ; 2n(2n)! Re((2muy(z + y)™) + ; (Tk " T_k)
-1 (w(zn)(Nw + uyx) + w(zn)(Nw - uxx))

2 2n
- Uy g ( 5 ) ! (xp)
- 2uylog (47r Zy) .

The algorithmic tricks used in MMM cannot be applied in two-dimensionally
periodic boundary conditions, since these tricks require the periodicity of
all coordinates. However, the far formula still allows for a product decom-
position and can be evaluated in linear time with respect to the number of
particles with constant cutoffs.

To draw advantage from this linear computation time scaling, one splits the
system into B equally sized layers along the nonperiodic z-coordinate. Now
for all particles in one slice, the interactions with the neighboring slices are
calculated using the near formula, while for the further distant slices the far
formula is used. This ensures that the far formula is used only for particle
pairs more distant than h/B, where h is the total system height. The far for-
mula is evaluated in a similar fashion, as will be presented below for the ELC
method, although some more involved bookkeeping is necessary. This is due
to the fact that the far contribution is only needed for particles from certain
slices, whereas the ELC term has to be calculated for all particles.

Assuming that N/B particles are located in every slice, one can show that
the far formula scales like O(B2N) + O(B?). The time for the calculation of
the near formula for a single particle pair is nearly constant, leading to a scal-
ing of O(N(2N/B)). Minimizing the total time with respect to the number of
slices Bleads to B oc N'/3, yielding an asymptotic optimal computational time
of O(N*/3). Although we know the optimal dependence of B on N, this pa-
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rameter still has to be tuned to the underlying hardware. This can, however,
be done by a simple trial and error algorithm at runtime.

MMM2D allows for error bounds similar to MMM or the Lekner method,
and it also inherits the advantageous scaling of the computation time with the
error bound. Due to the splitting of the interaction calculation into to differ-
ent formulas, the error distribution of MMM2D is not uniform (see Fig. 6).
Therefore, averaging error estimates such as the rms force error (Eq. 26) can
be misleading for this type of method. Therefore, we present the maximal
pairwise error, i.e., an error estimate for the maximal error in the MMM2D
pair potential. From this maximal pairwise error, one obtains an upper bound
to the rms force error by AF < ,/3/N Zf\il q%r}:, where tf is the maximal
pairwise force error. However, the real rms force error is normally an order
of magnitude lower. The derivation of the error estimates is straightforward,
and we present only the results here. For the maximal pairwise force error of
the far formula, one obtains:

e—Zanzl 1
|AF| < ol = 2 (ZnR +2(ux + uy) + | |) , (56)
VA VA

where R is the cutoff radius in (uxp, uyq) of the far formula. A similar expres-
sion can also be found for the energy error.

For the near formula, one has separate error estimates for the sum of
Bessel terms, the complex sum, and the polygamma sum. For the Bessel sum,
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le-10

le-12
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L

Fig.6 Absolute force component error AFy = max(|AFy|, |AF,|,|AF,|) (triangles) and
energy error A¢ (circles) as a function of the z position of a randomly placed particle
in a 1 x1x1 box; a second particle was fixed at z = 0.5. For both the force and energy
error the open symbols give the maximal error that occurred, and the filled symbols the
average error. The solid line shows the force vs energy error estimates for MMM2D
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the maximal force error is

L

enuxky L+u (ﬂux]
rFBesselzlsnuiKl(xyL)(m N ( o -1) + Y pe'"”xw) (57)

xNy X —

p=1

where the summation takes place over all (p, ), where 0 < p < ﬂLux and 0<I<
L

op T 1. For the summation of the complex sum up to order N, one obtains the
maximal error bound

rgemo“m = 16uxu},(u),p)21\’"1 < 16\/2uxuy2"N. (58)

The polygamma sum finally is a sum of alternating coefficients with
monotonously decreasing value, and therefore by Leibniz’ criterion, the ab-
solute value of the last term taken into account is an upper error bound.

If the error bound for both the near and far formulas is not chosen low
enough, e.g., two orders of magnitude below the thermal fluctuations, the
errors may lead to a heating of the system within particle clusters, and to
a cooling near the system borders. This is in general no problem, since pre-
cision is inexpensive in the MMM family of methods, so that the computation
time does not suffer much from the increased precision requirements, and
one has a fast and reliable method for the calculation of the electrostatic in-
teraction in two-dimensionally periodic systems.

3.2
The ELC Method

The MMM2D method is well-suited for computations with up to a few hun-
dred particles. For thousands or even hundreds of thousands of particles,
however, this method cannot be used. Until recently, the only viable way out
was to use a 3D method, with a large empty gap between the artificial image
layers.

Since no error bounds were known for this approach, it had to be checked
on a trial and error basis. We greatly improved this situation by deriving
a term, called electrostatic layer correction (ELC), which exactly calculates
the interactions due to the unwanted layers [25,26]. These can then be sub-
sequently subtracted, and in this way the necessary gap length can be largely
reduced. The combination of that term with any three-dimensional summa-
tion method with slabwise summation order will yield the exact electrostatic
energy. Since the change in the summation order is done by adding a very
simple term, any three-dimensional summation method with the standard
spherical summation order can be used. The ELC term can be easily evalu-
ated linearly in time with the number of charges, hence the whole method
scales like the underlying standard summation method. We also developed
an error formula for the maximal pairwise error in the energy and forces of
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the layer correction term; hence, the precision of this method can be tuned to
any desired value when used in conjunction with other error estimates for the
standard summation method [22, 35]. Using, for example, the P3M method
one obtains an Nlog N scaling with well-controlled errors also for the 2D + h
geometry, which up to now seems to be the optimal choice.

Let us start by describing how to change the summation order. Consider
this time a system of N particles with charges q; and positions p; = (x;, yi, zi)
that reside in a box of edges Ax x Ay x h, where h = max;j|z; - zj| is the maxi-
mal z-distance of two particles. The basic idea is to expand this slab system in
the nonperiodic z-coordinate to a system with periodicity in all three dimen-
sions. More precisely, the original box of size A, x Ay x h is placed inside a box
of size Ax X Ay X A, where A, >> h is sufficiently large. Then this box is repli-
cated periodically in all three dimensions. The result is a three-dimensional
periodic system with empty space regions (“gaps”) of height § := 1, - h (see
Fig. 7); 6 is called the gap size.

Since the electrostatic potential is only finite if the total system is charge
neutral, the additional image layers (those layers above or below the ori-
ginal slab system) are charge neutral, too. Now let us consider the nth image
layer which has an offset of nA, to the original layer. If ni, is large enough,
each particle of charge g; at position (x;, yj, zj + nA;) and its replicas in the
x, y-plane can be viewed as constituting a homogeneous charged sheet of
charge density oj = Ajiy. The potential of such a charged sheet at distance z
is 270j|z|. Now we consider the contribution from a pair of image layers lo-
cated at nkz, n >0 to the energy of a charge g; at position (x;, y;, z;) in the
central layer. Since |zj - zj| < n),, we have |zj - z; + nA,| = nA; + zj - z; and
|zj = zi = n);| = nA; - zj + z;, and hence the interaction energy from those two
image layers with the charge gq; vanishes by charge neutrality:

N N
2mq; Z 0j(|zj - zi + nA;| + |zj - zi — nk,|) = 4wqini, Zo]' =0. (59)
j=1 j=1

The only errors occurring are those coming from the approximation of as-
suming homogeneously charged, infinite sheets instead of discrete charges.

Fig.7 Schematic representation of a fully periodically replicated slab system
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This assumption should become better when increasing the distance ni, from
the central layer.

However, in a naive implementation, even large gap sizes will result in large
errors [61]. This is due to the order of summation for the three-dimensional
Coulomb sum, which is spherical by convention. This order implies that
with increasing shell cutoff S the number of image shells grows faster than
the number of shells of the primary layer, namely O(S?) versus O(S?) (see
Fig. 8a). In other words, we include the unwanted terms faster than the actu-
ally wanted terms. Also, the image layers are not really infinite charged sheets
but are truncated due to the cutoff. Yeh and Berkowitz [61] showed that this
problem can be solved by changing to a slabwise summation order, using the
old results of Smith [50]. As already discussed in Sect. 2.1, Smith has shown
that by adding to the Coulomb energy the term

27 M2
”3 , (60)

where M =) q;p; is the total dipole moment, one obtains the result of a slab-
wise summation instead of the spherical limit [50]. Slabwise summation
refers to the sum Zlnlzo Ej(n), where Ej(n) denotes the energy, calculated in
circular summation order, resulting from the image layer with shift ni, in
the z-coordinate. Technically this is the order where we first treat the ori-
ginal layer and then add the image layers grouped in symmetrical pairs (see
Fig. 8b). Obviously this summation order fits much better to the charged
sheet argument given above. Although this is a major change in the summa-
tion order, the difference given by Eq. 60 is a very simple term. In fact, Smith
showed that changes of the summation order always result in a difference that
depends only on the total dipole moment.

Applying this slabwise summation order, Yeh and Berkowitz showed that
using a gap size of some multiples of the box size is normally sufficient to

E.=2nM? -

n=1
n=0 n=0

n=1
n=2 n=2

(a) (b)

Fig.8 Schematic views of different summation orders. a Schematic view of the spherical
summation order. S is the length of the box offset. b Schematic view of the slabwise sum-
mation order. # is the z offset of the box, the spherical summation order in the x,y-plane
is not shown
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obtain a moderately accurate result. Therefore, the result of a standard three-
dimensional summation method plus the shape-dependent term given by
Eq. 60, which we refer to as a slabwise method, can be used to obtain a good
approximation to the result for the slab geometry with the same computa-
tional effort as for the underlying three-dimensional summation method (no
matter whether a simple or sophisticated method is used). One drawback
is that no theoretical estimates exist for the error introduced by the image
layers. Therefore, one might be forced to use even larger gaps to assure that
no artifacts are produced by the image layers. One deducible artifact is that
the pairwise error will be position dependent. Particles in the middle of the
slab will see no effect of the image layers due to symmetry, and particles near
the surface will encounter, for the same reason, the largest errors, which is
definitely an unwanted feature for studying surface effects. Therefore, aver-
aging error measures like the commonly used rms force error should not be
applied without additional checks for the particles near the surfaces.

The other drawback is that normally the box now will have a significantly
larger A,/Ax versus A,/Ay. But at least for Ewald-type methods the computa-
tion time is proportional to this fraction. This is easy to see as the number
of k-space vectors in the z direction must be proportional to A, to maintain
a fixed resolution and therefore error. It is verified experimentally that a gap
of several & is needed, therefore the computation time more than doubles.

We will now show how the ELC term can be calculated with a computa-
tion time proportional to the number of particles. Since this is as fast as any
method for 3D periodic boundary conditions, the ELC term will not dominate
the computation time scaling for any 3D method. Moreover, it has a small
prefactor, so that a 3D method combined with ELC can be significantly faster.
For more details, consult the original articles [25, 26].

The method relies on the far formula of MMM2D (Eq. 54). For the follow-
ing analysis there is no special restriction on h except for h < A,, which is true
even if the 1, X A, x A, box is completely filled.

We start with a formal definition of the Coulomb energy of the slab system

233D DD (o)

i—pi+n
=0 k24 2= ij=1 |p1 P] kl|

where ny; denotes the lattice vector (see notations for Eq. 40). As usual, the
prime on the inner summation indicates the omission of the self-interaction
i =jin the primary box k = =0 (i.e., the singular case). For the surrounding
dielectric medium we assume vacuum boundary conditions.

We now expand the system to a fully three-dimensional periodic system,
where A, determines the period in the z-coordinate, as in the previous sec-
tion. We can rewrite the energy as

E=E;+E +E_, (62)
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where

e Ny qiq;
Es= (63)
2 SZ(; k,l,;z ; |pi = pj + Nkiml
K2+ +m?=$

denotes the standard three-dimensional Coulomb sum with spherical limit.
To evaluate this expression one can use any of the efficient algorithms, start-
ing with the classical Ewald summation up to modern methods like fast
multipole methods [17] or mesh-based algorithms [10]. E. again denotes the
shape-dependent term given by Eq. 60, and finally

00 N
SS90 3D DD D ST 2
L e ) ij=1 |Pi = pj + ki
>0 K+2=$
denotes the contribution of the image layers, for which we are going to derive
a new expression below.
We start with the expression for the energy induced by an image layer at

z-offset m # 0:

N
1 & qidi
Ezc(m)z_zz 3 Z| - 'z+] ’ .
§=0 k2+2=5 ij=1 Pi=Pj + Mkim
It can be shown rigorously, although this is nontrivial, that

00 N o a:e~BlPi-pj+niim|
B = 3 Y Y , (66)
=0 K24 Pes ij=1 |p1 -pj+ Nkim|
using the same convergence factor approach as for MMM2D, which is exact
for two-dimensionally periodic systems.

In Refs. [24, 63] one can find a proof for this equation and an efficient way
of calculating Ej. for charge neutral systems. We do not want to go through
the full derivation again; it consists of applying Poisson’s summation formula
along both periodic coordinates and performing the limit 8 — 0 analytically.
One obtains

N
Bim) =~ iy o) (67)
where ¢ is the MMM2D far formula given by Eq. 54, and is an artificial
pairwise potential that yields the total Coulomb energy, and its derivative
produces the pairwise forces for the periodic system.
For now we only have a formula for the contribution of one image layer, so
we still have to sum over all m. This task can be performed analytically, and

combining the terms for £m, we obtain
N

Eie(m) =" qiqiyr(pi - pj) » (68)

ij=1



Efficient Methods to Compute Long-Range Interactions for Soft Matter Systems 91

where
cosh(27fy42)
f:vq( lerquAz -1)

cosh(2rf,z)

+ 2uxuy Z orfil cos(wpx)
o fole ke 1)

Y(x,y,2) = duyuy Z

p,9>0

cos(wpx) cos(wyy) (69)

cosh(2rf,2)

+ 2uu cos(wgy) .
2 e 1)

The forces can be obtained from this analysis by simple differentiation, since
the sums are absolutely convergent. Although the form in Eq. 69 has a much
better convergence than the original form in Eq. 64, its main advantage is
a linear computation time with respect to the number of particles N. To see
this, the equation has to be rewritten using the addition theorems for the
cosine and the hyperbolic cosine. First, one calculates the eight terms

Xi(c/s’c/s’c/s) = g; cosh / sinh(27f,42;) cos / sin(wpx;) cos / sin(wgy;) (70)
for the (p, q) vectors with p, g # 0 and then the eight terms

(x’c/s’”/s) = gi cosh / sinh(27f,2;) cos / sin(wpx;), (71)

(y’c/s /) = gi cosh / sinh(27f,z;) cos / sin(wgy;)

for the (p,0) and (0, q) vectors, where the indices in the obvious way deter-
mine which of the functions cosine (hyperbolicus) or sine (hyperbolicus) are
used. Then we evaluate

Ejc =4uxuy y Z - (72)
P,q>0 i,j= 1(e P - f:l’q
X (X'(CCC) X]‘(CCC) X(csc)X(CSC) X(ccs)X(CCS) X(CSS)X(CSS)
Xz(SCC)X(SCC) Xz(SSC)X(SSC) Xlgscs) Xj(SCS) _ Xi(sss) X]'(SSS))
0
p>0 ij=1

« (X‘(XCC)X]'(xCC) +XixCS)X]'(xCS) Xl(xsc)x(xSC) Xl(xss)X(XSS))

+2uy Z Z (equxz _

q>0 i,j=1

% (Xi(yCC)Xj(yCC) + Xl{ycs)xj(ycs) _ Xi(ySC) Xj(ysc) _ Xl{yss) Xj(yss)) )
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Similar expansions using the same 16 terms can also be found for the
forces. Obviously this has linear computation time with respect to the num-
ber of particles, as the only summations over all the particles occur in the ..
The infinite summation over (p, q) can be cut off at some value to achieve the
desired accuracy. For a cutoff radius of R in the (uxp, u,q) space, an upper
bound to the maximal pairwise force error is given by

1 1 exp(27Rh)
TF :=2(62nmz _1) ((ZnR +2(ux + uy) + Ay - h) Go— 1) (73)
1 exp(- 2w Rh)
2 2(uy
+(7TR+ (u +u},)+xz+h) Gy + 1) )

For a discussion of the maximal pairwise error estimate, see the section on
MMM2D. As for MMM2D, a similar expression can be found for the maximal
pairwise energy error (for details, see Arnold et al [25]). Using a zero cutoff
corresponds to the Yeh and Berkowitz method, for which the ELC error for-
mulas are valid as well. From these we found that the error for these methods
decays exponentially in A,. However, the errors are not uniformly distributed
over the slab; they are worst at the surfaces of the slabs, hence the maximal
pairwise error should be used instead of the usual rms errors of Eq. 26 (see
Fig. 9).

To summarize, the main profits of the ELC term are that it scales as the
number N of particles and has a rigorous error bound. Moreover, this error
bound can be used to estimate the size of the image layer contribution and
therefore gives a bound on the error introduced by slabwise methods, as
proposed by Yeh and Berkowitz [61]. In the second paper on ELC [26] we
considered in detail the implementation of the layer correction for the stan-
dard Ewald and the P>M methods. There we also derived anisotropic Ewald
error formulas, gave some fundamental guidelines for optimization, demon-
strated the accuracy, and gave error formulas and computation times for
typical systems.

4
The Coulomb Sum in One Periodic Dimension

Boundary conditions where only one dimension is periodic and the other
two are open or finite appear in physical situations such as electronic struc-
tures of supported structures on metal surfaces, e.g., steps and atomic chains
in one dimension, or in systems which can model a charged stiff polymer
or DNA piece where, for avoiding end effects, the rod is made infinitely
long [64-66]. It was only very recently that a 1D Ewald method (EW1D) for
these systems was developed [67, 68], although the Lekner method [11] de-
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Fig.9 Absolute force error AF, of the ELC term as a function of the particle z-coordinate
for a homogeneous random system of 1000 particles in a box of size 10 x 10 x h with
a system height h =9 (left graph) and 5 (right graph). The red rectangles denote results
for R =0, the green circles for a maximal error of 1072, corresponding to R=1 for k=9
and R =0.1 for h =5, and the blue triangles for a maximal error of 107, corresponding
to R=1.8 and R =0.3. Open symbols show the maximal error that occurred within all
particles with similar z-coordinates; the filled symbols show the rms force error of these
particles. The P>M method was used as the three-dimensional method, tuned to a rms
force error below 107, Using the 107 error bound for ELC, the ELC errors are completely
hidden by the P3M errors, rendering this setting safe for production

veloped earlier can also be used (see however [51]). Again, both are O (N?)
methods which converge rather slowly, and no error estimates have been
provided.

We recently developed a method which we called MMMID [69], which
is basically the MMM2D method adapted to 1D, and will be presented be-
low. Again, rigorous error bounds can be derived, and although the method
is O(N?), it is much faster than EW1D, and easier to use. We have already
applied this method to charged rod systems with good results [65, 66].

As mentioned in Sect. 2.5, in principle the FMM, multigrid methods, or
tree codes can handle this situation, but they are much too slow for the nor-
mally only small number of charges involved, and error estimates are not easy
to obtain. Also, a modified Ewald method in which the summation of the
reciprocal-space vectors was modified [70], similar to the one used by Kawata
and Mikami [71] exists, but also here the approximations made seem hard to
control which render the method rather useless.

And finally, one can in principle again use 3D Ewald methods and sepa-
rate the rod images sufficiently to ensure that the interactions are negligible,
which can be ensured for systems where mobile counterions are present
which can screen the interactions. This has been applied often by Deserno
et al. [23,72,73]. As a side remark, similar to the ELC method, by changing
the summation order and using the prescription of Smith [50], a corrected 3D
Ewald summation should also be possible, but it might again not be easy to
solve the problem of how to control the error.
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4.1
MMM1D

MMMI1D, as MMM2D and ELC, relies on a screening convergence factor
approach. Similar to the two-dimensional case, it can be proven that this
approach is equivalent to a spherical summation approach, which in a one-
dimensional periodic system reduces to simply adding up in pairs of increas-
ing distance. Due to the symmetry of the problem, only two coordinates are
important in the force calculation, namely, the component in the periodic
axis, named z, and the component perpendicular to that, termed p here.
In the spirit of the notation for the other MMM-type methods, we define
= 2muzp. For p > 0 the far formula in one dimension is then given by

¢(p, 2) =4u, Z Ko(wp) cos(wz) - 2u; log (2'; ) -2u,y (74)
p#0 ‘
F,(p,2) = 87ru§ ZpKl(a),o) cos(wz) + 2u;
0
P70
F,(p,z) = Snug ZpKo(w,o) sin(wz) .
P70

In analogy to Eq. 48, the total energy is obtained as
1
E= ZJ 95ty 24 - (75)
Similarly, the force exerted on particle i is given by
Fi=qi Z qiF(pij> zij) » (76)
j

where F(p, z) = (F,(p, 2)x/ p, Fp(p, 2)y/ p> F2(p, 2)).
For small p we obtain the near formulas in one dimension

_ _1 ii2n N, ) Ug
$(p,2)=-uz y ( nz) v ((an)!u ) (uz0)*" (77)

1 1
+ > ( + r_k) - 2uy

~ - INU2"(Ny,, u,2) e
Fo(p,2)=-u ( nz)llf (2:)!u “ (ugp)?r!
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1 2n+1
Fz(p; z)=- uﬁ Z (_nz) v (NW’ te?) (uzp)Zn

= 2n)!
Ny-1
14 z+kh, z-kA,
+ Z B T ,
k=1 k -k

where ¥"(N, z) := Y™ (Ny + uzz) + Y™ (Ny - u,z), and the tilde denotes that
the interactions in the primary simulation box are left out and have to be
added separately as usual. Otherwise the expressions of the near and far for-
mulas can be exchanged freely. However, the calculation cannot be improved,
and one is stuck with the simple 9(N?) loops implied by Eq. 76. Note that
the functions /™ are not only defined for write-up convenience: the func-
tions 1™ have much better convergent Taylor series expansions compared to
those of the pure polygamma functions, and therefore it is highly advisable to
implement the ¥/™ evaluation rather than the polygamma functions in a fast
simulation code.

An upper bound on the absolute errors of the force of the far formula for
the summation up to, but not including, the finite cutoff P is

eznuzpmin 1
|AF|oo < 871Ky (27 Uz PPmin) (P -1+ )
27Uz Pmin 27T Uz Pmin

provided that p > pmin. The pmin will in general be the radius where the cal-
culation switches from the far to the near formula.

The near formula can be treated by the Leibniz criterion as usual and no
further error analysis is needed. Note that for simplicity of implementation
one will normally choose a fixed Ny,. Moreover, for (u;0)/(Ny -1/2) — 1
the convergence of the polygamma series will become poor. Therefore, one
must check that p <6A,(Ny - 1/2), where 0 <0 <1 is a constant which de-
termines the number of polygamma terms calculated. The larger 6 is, the
larger p may be, but more polygamma terms have to be calculated in the
worst case. Usually it is sufficient to fix Ny to a value of 2 to avoid the
additional summation of direct interactions, which gives 6 = 2/3. Numer-
ical tests have shown that the optimal computation time is achieved for
p <K Az in general, therefore this has no impact on the performance of the
method.

The error estimates are the same as for MMM, MMM2D, and ELC, so it is
unnecessary to show the error dependencies here again. The same warning as
for the other methods holds: the error drops exponentially outside the switch-
ing radius. On the other hand, since the formulas are radially invariant, the
radial error distribution is uniform.

Although MMMID has a clearly unfavorable scaling of ©(N?), it can still
be used effectively in a simulation, especially because of its small prefactors.
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For the calculation of the forces for 400 charged particles with a precision of
107, the MMM 1D method can be implemented such that the force calculation
takes less than 10 ms per time step on a 2-GHz PC.

5
Maggswellian Dynamics

There is a recent development for treating electrostatic interactions on and
off lattice, introduced first by A.C. Maggs’ group, and later by B. Diinweg
and I. Pasichnyk [21, 74,75]. Maggs used something similar to the Maxwell
equations on a lattice. After all, electrodynamics is a local field theory, so
one should be able to implement the equations locally on a lattice, which
then results in an algorithm that must scale linearly in N. The algorithm,
due to its locality, is especially suited for Monte Carlo (MC) algorithms [21].
In that version, the pseudo magnetic field is propagated via a diffusive
process through the lattice, and MC moves are constructed that do not vi-
olate the Gauss law. Maggs showed that the diffusive dynamics recovers
all static properties in thermal equilibrium, i.e., for long times. The whole
formalism, where the charges reside on lattice sites, the electric and mag-
netic fields are link variables, and the electromagnetic field tensor anal-
ogon is a plaquette variable, is similar in spirit to the one used in lat-
tice gauge theories [76]. A particularly nice feature, which so far has not
been exploited, is the possibility to assign a locally varying dielectric con-
stant. This is a problem which puts a formidable constraint on most other
methods.

Molecular dynamics variants of this method were presented in Refs. [74,
75]. Here, the 1/r interaction is represented by a local interaction that propa-
gates in waves with a tunable speed of light, c. It is sufficient to make ¢ small
enough such that the quasistatic approximation is still valid. This is, in spirit,
like performing a Car-Parrinello [77] simulation, where the electrons are as-
signed an unphysically large mass in order to slow down those degrees of
freedom. Again, the static properties of the system do not depend on the
value chosen for c. This, and the lattice spacing, are the principal parame-
ters that have to be tuned for speed and accuracy. Preliminary benchmarks
presented in Ref. [74] show that the so-called MEMD (Maxwell equation
molecular dynamics) method has a similar performance to our implemen-
tation of the P>M algorithm. The possible advantages of MEMD are that it
should be easier to parallelize and can be used for systems with locally vary-
ing dielectric constants, but more results are needed to be able to assess
all the advantages and disadvantages compared to the previously presented
methods.
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6
The Dipolar Ewald Summation in 3D

In the previous section we treated methods to deal with the Coulomb inter-
action or, more generally, interactions which vary with 1/r. However, there
are also systems of interest, which can be modeled by interacting point
dipoles. Substances of that kind are ferrofluids, which are basically dispersed
magnetic particles [78], magnetorheological (MR) or electrorheological (ER)
fluids, or solvents which can be modeled approximately by dipolar interac-
tions like water (see the contribution of J.-J. Weis and D. Levesque in this
volume). For periodic geometries again the Ewald method can be used. In the
simplest implementations the involved computation time grows like N2, or at
best like N*/2, if the cutoff is optimally varied with the splitting parameter [9].
For MC simulations, knowing the energy formulas is sufficient, whereas for
MD simulations, we need to know forces and torques. In this section we give
a reliable error estimate for the energy, forces, and torques, when computed
via the standard Ewald sum. Moreover, we present a detailed discussion on
the optimization of the parameters, which will lead to the most efficient pa-
rameters for a predefined error in each observable quantity. This can all be
done prior to the actual simulation, thus ensuring optimal performance at
optimally controlled errors. The exposition is heavily based on the paper by
Wang and Holm [79].

Throughout this section we return to the notations already used in
Sect. 2.1 in the discussion of the Ewald-type methods for point charges. Con-
sider a system of N particles with a point dipole u; at their center position
r; in a cubic simulation box of length L. If periodic boundary conditions are
applied, the total electrostatic energy of the box is given by

N
-1 w3l G+ m)lpg (g + )]
SEDIDN I

= |rij+n|3 |rij+n|

where rj; = r; — rj. The sum over n is over all simple cubic lattice points,
n = (nxL, nyL, n,L), with ny, ny, n, integers. The prime indicates that the i =
term must be omitted for n = 0. The slowly decaying long-range part of
the dipolar potential makes the straightforward summation of Eq. 78 too
time-consuming. The Ewald trick splits the problem again into two rapidly
convergent parts, one in real space and one in reciprocal space. The details
of the method are discussed in Refs. [5,7,9,29]. Here we only give the final
expressions

u=0"+U® 4yl 4y, (79)
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where the real-space U"), the k-space (reciprocal-space) UK, the self U,
and the dipole (surface) U'¥ contributions are respectively given by:

N
1 /
U = 5 >~ > i(ﬂi “Ij)B(| rij + 1) (80)

neZ’ i,j=1

= [pi- (rij + m]{p; - (rij + n)]C(| rij + n I)} ,

N
1 4T 2 h
Uk = o3 Z o o~ (k/al) Z(”’i . k)(ﬂj k) e2mikerj/L , (81)
keZ? k#0 ij=1
N
203
u9=- " > ui, (82)
3T S
2 N
(d) — s
(¢ +1)L3 D kb (83)
ij=1

The sums over i and j are for the particles in the central box and

B(r) = [erfc(ar) + Qar//7) exp(- a?r?)]/7°, (84)
C(r) = [3erfc(ar) + ar//m)(3 + 2a°r*) exp(- a*r?)] /7 . (85)

The inverse length « is the splitting parameter of the Ewald summation which
should be chosen so as to optimize the performance. The form Eq. 83 given
for the surface correction assumes that the set of the periodic replications of
the simulation box tends in a spherical way toward an infinite cluster, and that
the medium outside this sphere is a uniform dielectric with dielectric con-
stant &' [7,29]. The case of a surrounding vacuum corresponds to ¢’ =1 and
the surface term vanishes for the metallic boundary conditions (¢’ = c0).

In practical calculations, the infinite sums in Eqs. 80 and 81 are truncated
by only taking into account distances which are smaller than some real-space
cutoff r. and wave vectors with a modulus smaller than some reciprocal space
cutoff k. If r. < L/2, the sum in real space (Eq. 80) reduces to the normal
minimum image convention. The double sum over particles in U®) can be re-
placed by a product of two single sums, which is more suitable for numerical
calculations.

The force F; acting on particle i is obtained by differentiating the potential
energy U with respect to r;, i.e.,

oU
Fi=- ~=F+FY, (86)
or;
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with the real-space and k-space contributions given by:

N
=3 %" H(u,- )i+ m) + il - (r + )] (87)

neZ3 j=1

+[uf0y+nnuﬁcﬂry+nb

= (- (rij + m)][p; - (rij + m)]D(| rij + n |)(rij + n)} ;

P 4k
FO=T000 3 T [ By expl- (rk/aL)?] (88)
Jj=1 keZ3k#0

sin(2rwk - rij/L)] ,
where

D(r) = [15erfc(ar) + 2ar//m)(15 + 100272 + 4o*r?) exp(- ozzrz)]/r7.
(89)

Since the self- and surface-energy terms (Eqs. 82, 83) are independent of the
particle positions, they have no contributions to the force, unlike the Ewald
summation for the Coulomb systems where the surface term contributes.

The torque 7; acting on particle i is related to the electrostatic field E; at
the location of this particle,

ti=pi-Ei=7 + 7 + 2, (90)
with
aU
Ei=- ) (91)
o
and thus
N /
=->"3 {(ui-uj)Bu rj+nl) (92)
neZ’ j=1

=i~ (rij + )] - (rij + MIC(| rij + n I)} ;

N
1 4 _ 2 orikers
== 020 D0 Ry ke T kL, (93)
=1 keZ3k#0

N
47
(d) —
T __(28/+1)L3 Z”i'ﬂj' (%4)
=
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6.1
Error Formulas

We now give estimates for the rms error caused by cutting off the Ewald sum-
mation in real space and k-space for the forces, total energy, and torques.
There are no errors involved in the self- and surface contributions (Egs. 82,
83, 94), because no cutoff operations are applied to them.

As can be shown similarly to the method of presentation in Sect. 2.4, the
rms error for the force can be cast in the following form

MZ
AF(’) ~ X(’) R (95)
VN

where the quantity M is defined as
N
M? = Z sz . (96)
j=1
After some lengthy calculations one obtains

C

13 2 13
X~ L3207 CE+ T D2 - T CoDe) exp(- 2a%r3), (97)
6 15 15
where the terms C. and D, are given by

Cc =4a*r? + 6’12 + 3, (98)
D =8a°78 + 200 r? + 300272 + 15. (99)

The resulting rms expectation of the real-space cutoff error in the forces is
thus

2.5
157
The derivation of the expected real-space cutoff errors in the total potential
energy and torques follows the same path. For calculating the fluctuation of
the error in total energy, it is noted that the interaction energy between two
dipoles is evenly shared between them. That means the sum of ((A UM)2y
over all particles contains each pair contribution twice, and thus the fluctu-
ation of the real-space cutoff error is one half of the sum [35]. Then the rms
value of the real-space cutoff error of the total potential energy is estimated as

13
5 CcDe)'? exp(- o*r%). (100)

13
AFD ~ ML r?N) V2 . C? + X

1 1 1
AUD ~ MZ(L3a4rZN)-1/2[4B§ + 15c§ - 6BCCC]1/2 exp(-a?r?)  (101)
with

B =20%r2 +1. (102)
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The rms error on the torques is estimated similarly to the force as
1 1 qv2
AT~ MALPtIN) Y2 [233 o cﬁ} exp(- a?r?). (103)

Equations 100, 101, and 103 all contain the exponential exp(- a?r2). For suf-
ficiently low errors, ar. has to be larger than one, for example ar. ~ 7 for an
error of exp(- %) &~ 5 x 107>, If only the highest powers of ar are retained,
the estimates of the real-space cutoff errors in the total energy, forces, and
torques can be reduced to

AUD ~ 4 M2 (re /15NL*)Y? exp(- a?r2), (104)
AFD 8 M2a* (212 /15NL?) Y2 exp(- o?1?), (105)
AT ~aMPaP(r/SNL)Y? exp(- o?r?), (106)

where Eq. 104 is a factor of \/6/5 slightly larger than that given in Eq. 35 of
Ref. [35]. The advantage of these simplified formulas is that they reflect the
dependence of the rms errors on « and r. more directly, and thus could be
used more easily in determining the optimal values of these parameters.

In deriving the estimates of the reciprocal-space (k-space) cutoff errors,
we further assume that the radial distribution function of the particles is ap-
proximately unity at all distances. Following Eq. 88, the k-space cutoff error
in the force acting on particle i is given by

AFP = Z Y L2 H k)(n; - k) (107)

=1 kk>ke
x exp[- (mk/aL)?] sin(2rk - r;/L).

Note that the diagonal term (j = i) in the sum does not depend on the pos-
itions of the particles. It will provide a systematic contribution to the cutoff
error in k-space [35]. In Eq. 107 this contribution equals zero, thus there is no
systematic part of the error in the forces. The same thing happens to the error
in the torques. But for the total energy the diagonal terms are positive and the
systematic contribution plays a dominant role in the cutoff error.

The off-diagonal terms in Eq. 107 do depend on the positions of the par-
ticles and have alternating signs. Similarly to before, the off-diagonal contri-
bution to the cutoff error in AF{" is given by

k k
AR =l mil Y 1wl xS (108)
J#
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with
2
k 8k XD .7
xf] ) = Z 14 (cos ?(fi;, k) cos ﬁ(uj, k) exp[- (zrk/ozL)z] (109)
kk>k.
i exp(2rik- r/L)) ,
where r stands for r;; and sin(27k-r/L) is rewritten as 1exp(2mk r/L) ac-
cording to the symmetrical character of the summation over k. k is the unit

vector along k. Since the particles are assumed to be randomly distributed
over the simulation box, the fluctuation of AF( ) off €an also be written as

k
<(AFfoff) > PEY Y Il e | (P X ) ~ pud M2 (110)
j#i m#i
Again X(k)z is independent of i and j.

Choosing the z-axis of the spherical coordinates (k, 6, ¢) along the ji orien-
tation, we find

x 0% ~ 12873 L 02?2 exp|- 2(;rke /aL)?]/15. (111)
The rms expectation of the k-space cutoff error in the forces is thus
AF® ~ 87 M2L3a(27k3 /15N) /2 exp|- (k. /aL)?]. (112)

Here the notation AF(()Q is replaced directly with AF(®) due to the fact of no
diagonal contribution.

The derivation of the off-diagonal parts of the cutoff errors in the total en-
ergy and torques proceeds in the same way. That the sum over ((A U(kff)z)
contains each pair contribution twice has also been considered in the error
estimate of the total energy. The results are given by

AUW ~ 4MPL (ke /15N) Y2 expl- (ke /al)?], (113)
At ~ 4<MZL"201(7'[kC/5N)1/2 exp|[- (ke JaL)*]. (114)

At® is also used directly instead of At(lf(f)

The diagonal (systematic) part of the cutoff error in the total energy can be
written as

yk 5
fag ~ 2 cos® ¥ (i, k) exp[- (wk/aL)?] (115)
ER I
2 e 21
xpj;NMZk/exp[ (nk/aL)Z]kde/sméd@/cos 9 (i, k)do
< 0

4
~ 3M2L"1a2ch"1/2 exp[- (wke/aL)?],
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where the sum is again approximated by an integral, and an integral expan-
sion formula [35] is used to get the final estimate. The total k-space cutoff
error in the total energy is thus

® = AW ®
AUW = AUg) + AU, (116)

Comparing Eq. 115 with Eq. 113, it can be seen that the systematic part of the
error is a factor of ~ Lak:‘; 2(>> 1) larger than the statistical part. Hence, the
systematic contribution is dominant in the k-space cutoff error of the total
energy.

Assuming that the real-space and reciprocal-space contributions to the
error are independent, the total cutoff error in Ewald summation can be writ-
ten as

AO =V AOW: + A@K?2 (117)

where ® stands for U, F, and 7.

6.2
Optimization of Parameters

In this section, we discuss the use of the analytical formulas derived in Sect. 3
to determine the optimal values of «, ., and k. by which the required ac-
curacy could be satisfied and the computation time minimized. The detailed
discussions on this subject can also be found in Refs. [9, 46].

The overall computation time for computing the forces with the Ewald
method is approximately given by [46]

T =a,N*(r./L)* + agNK (118)

where the primitive overheads a, and aj highly depend on the implemen-
tation of the code and need to be found by numerical experiments. As an
example, we have carried out the time experiments on a DEC personal work-
station (CPU 433 MHz) using a standard Fortran 77 compiler. In the imple-
mentation the complementary error function and its derivative are calculated
with table lookup and the reciprocal-space summation is optimized as in
Refs. [9,29]. The linked-cell method is used to deal with the short-range
forces (when doing simulations). The primitive overheads are then found
roughly to be a, = 2.5 ps and ax = 0.7 ps.

For a required accuracy §, the parameters o, ¢, and k. should be chosen to
minimize 7 with respect to the two constraints of the error bounds Eqgs. 100
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and 112, which are restated as

8 12 (13 2 13 12

7 = M* (L’a*rdN) ( ) C? + 15D§ - 15CCDC) exp(- a?r?), (119)
8

. 8r M?L3a(27k? /15N) V% exp|- (ke /aL)?]. (120)

In the case of § <5x 107, Eq. 105 could be used instead of Eq. 100 to
show the dependence of the accuracy on the parameters more clearly. Equa-
tions 119 and 120 provide the qualitative function relations of r. and k. with
o as: re(e) ~ - Av/In 8/a and k(o) ~ - B+v/In 8a. Inserting them into Eq. 118
and differentiating it with respect to « yields o o« N'/6, and thus r. oc N1/
and k. o« N'/6. The minimized computation time is then proportional to N3/2
with the proportionality constant depending on the accuracy. The same re-
sults can be found for the Coulomb Ewald method in Refs. [9, 35, 46]. This can
be easily understood by comparing Eqs. 100 and 112 in Sect. 3 of this paper
with Egs. 18 and 32 in Ref. [35], and finding the same exponential depen-
dences of the cutoff errors on «, r¢, and k. for the dipolar and Coulomb Ewald
summations.

The numerical investigation of the functional dependence of the optimal
parameters on N and § are performed by using the primitive overheads ob-
tained above. For each given N and §, we at first choose different values for
rc within the inequality r. < L/2. For each r. the parameters « and k. are
calculated by solving Egs. 119 and 120. These values are then introduced
into Eq. 118 to figure out the optimal value of r. which gives the minimum
computation time. In calculations the size of the simulation cell is fixed to
a dimensionless length of L = 10. The range of accuracy requirement and
number of particles are chosen to be § = 1072 to 10~ measuring in P2/L*
and N = 10° to N = 10%, which should cover most of the applications. The
particles are supposed to have a uniform dipole moment of &. The results
for the optimal values of the parameters and the corresponding computation
time per particle are shown in Fig. 10a-d, respectively. It can be clearly seen
that the functional dependence of the parameters and the overall computa-
tion time on N are just as discussed above. Figure 10c shows that when a high
accuracy is required for a system with a small number of particles, the pre-
dicted real-space cutoft is larger than half of the box length and r. = L/2 must
be used. The optimal « values hardly depend on the accuracies. These re-
sults are very similar to that obtained for the Coulomb Ewald summation in
Ref. [46], except for r. N~1/6 here and r. o« N'/° there. This is because Pe-
tersen considered a system of constant density, while we chose the volume of
the simulation cell to be constant.

Finally we should remark that besides the standard Ewald method, dipolar
variants of basically all Coulomb methods are possible. Known worked-out
examples can be found in the contribution of Weis and Levesque in this vol-
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ume. Very recently, the ELC term was also derived for dipolar systems [80],
and a dipolar SPME has been described in Ref. [81]. We have recently also
derived the optimal influence function for the dipolar P*M and the error for-
mulas for the dipolar cases, which again should yield the optimal mesh-based
method for dipolar systems. In general, most of our previous discussions re-
lated to the efficiency and applicability of the Coulomb methods should be
relevant to the dipolar cases as well.

7
ESPResSo

In the following discussion we will briefly describe a simulation package
that contains P>M and MEMD [74] for electrostatic interactions in 3D peri-
odic boundary conditions, MMM2D and ELC for two periodic dimensions,
and MMMI1D for only one periodic dimension, and the dipolar Ewald sum.
This program package is called ESPResSo standing for Extensible Simulation
Package for Research on Soft matter [3, 4].

The main goal of ESPResSo was to have a simulation package that contains
state-of-the-art algorithms for simulations of bead-spring models in a paral-
lel code that is extensible. The extensibility paradigm requires that readability
of the code is preferred over special code optimization in ESPResSo and that
for many basic tasks standardized interfaces exist. The code kernel is written
in ANSI C, and runs on a variety of hardware platforms like PCs (GNU/Linux
on IA32 and AMD64 processors), workstations (MacOS on PowerPC proces-
sors and Tru64 on Alpha processors), and high-performance servers (AIX on
Power4 processors).

The wide field of simulation topics investigated by ESPResSo requires
a high flexibility of the simulation code, which in ESPResSo is obtained by
a script language which is used to control the simulation process. The simula-
tion control script determines all simulation parameters such as the number
and type of particles, the type of interactions between these particles, and
how the system is propagated. The script language used in these scripts allows
one to change most of the parameters even during the simulation. This flexi-
bility makes it possible to perform highly complex simulation procedures,
such as adapting the interaction parameters to the current configuration dur-
ing the simulation, cooling down the system in a simulated annealing process,
or applying or removing a constraint.

ESPResSo is not a self-contained code, but relies on other open-source
packages. Most prominent is the use of the Tcl [82] script language interpreter
for simulation control. For the parallelization standard MPI routines are used,
which on Linux and MacOS are provided, for example, by the LAM/MPI [83]
implementation, or MPICH [84]. The P3>M method for the electrostatic in-
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teraction and the mode analysis tool for membranes rely on the FFTW [85].
Besides these libraries, which are required to be able to have a running ver-
sion of ESPResSo, the development process is supported heavily by the use of
the CVS version control system [86], which allows a large number of develop-
ers to work simultaneously on the code.

Where available, we used the error estimates to construct tuning rou-
tines, which automatically put the algorithmic parameters close to their op-
timal values for the desired accuracies. The source code of this software,
and consequently of the methods, is freely available. The exact procedures
and current status of the program package can be found on the web at
http://www.espresso.mpg.de.

8
Concluding Remarks

We have given a review of methods to compute long-range interactions in
fully or, for the case of the Coulomb sum, also partially periodic boundary
conditions. We tried to give reasons why one should worry about errors, and
how error estimates can be used to tune the algorithms to perform optimally
for speed and accuracy. We have also tried to convey our understanding to the
reader of when each algorithm should be used.

Most of the algorithms important to the field of charged soft matter have
been implemented within our research group into the program package
ESPResSo. This program is open source, and information regarding the latest
version, or information on how to participate in the further development of
this package, can be found at http://www.espresso.mpg.de.
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Abstract Physicochemical properties of solutions of charged colloids are often dominated
by the electrostatic interactions present in such systems. A full determination of these
properties constitutes a highly nontrivial many-body problem involving long-range inter-
actions. In electrostatically strongly coupled systems, it is essential to explicitly include
both the charged colloids and the small ions in the model. The present review describes
recent advances in performing Metropolis Monte Carlo simulations of such systems mod-
eled within the primitive model of electrolytes. Four representative colloidal systems are
systematically used in combination with three different boundary conditions. First, the
spherical cell model is considered, and it is used primarily to examine the distribution
of the counterions near a colloid. Second, the cylindrical cell model containing two col-
loids is presented, and it is employed to calculate the mean force and/or the potential of
mean force acting on one of the colloids. Several methods are utilized and their merits are
compared. Finally, full structural and thermodynamic properties are presented by using
a cubic simulation box with periodic boundary conditions applied. An account of the sys-
tem size convergence, the convergence of the Ewald summation, including an estimate
of truncation errors and practical guidelines, and the ability to increase the simulation
efficiency by using cluster trial displacements is provided.

Keywords Charged colloids - Monte Carlo simulation - Mean force - Ewald summation -
Cluster trial move

Abbreviations

DLVO Derjaguin-Landau-Verwey-Overbeek
MI  minimum image

MC  Monte Carlo

PB Poisson-Boltzmann

SC spherical cutoff

pmf  potential of mean force

RDF  radial distribution function

1
Introduction

Charged colloids in solution are ubiquitous in a wide variety of biological and
technical systems. Some examples are proteins made by amino acids, micelles
formed by charged surfactants or charged block copolymers, microemulsions
formed by water, oil, and charged surfactants, silica particles made by silica
oxide, and polystyrene based latex particles. In these systems, the physico-
chemical properties are to a large degree determined by electrostatic forces.
Despite extensive studies of these forces for the last 50 years, the electro-
static interactions in such systems remain a central problem in colloidal
science [1,2].

The classical DLVO theory [3,4] describes the interaction between two
charged colloids in a solution, and this theory constitutes a cornerstone in
colloidal science. The DLVO potential contains two terms, originating from
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van der Waal and electrostatic interactions, respectively. The electrostatic one
predicts a purely repulsive force between like-charged colloids and has often
satisfactorily explained the predominant charge stabilization in these sys-
tems. However, the DLVO theory is now challenged by the fact that attractive
interactions between like-charged colloids or like-charged planar surfaces in
salt-free or nearly salt-free solutions have been found or indirectly inferred
in a growing number of experimental studies [5-10]. The nature of the col-
loidal attraction appears to be of (at least) two kinds, one appearing only
at short separations (< 10 A) [5,6] and the other only at longer separations
(~ 1 pm) [7-10].

The primitive model of electrolytes constitutes a firm basis for examining
the intercolloidal structure of colloidal solutions as well as the distribution
of small ions near charged colloids. In this model, the charged colloids (re-
ferred to as macroions) and the small ions are both represented as charged
species, whereas the solvent is treated as a dielectric medium. From simula-
tions that provide essentially the exact solution of such a model system, it has
been found that the primitive model of electrolytes is able to predict an elec-
trostatically driven attraction between like-charged colloids. If mathematical
approximations are involved, the appearance of an attraction is still possible
in, e.g., the hypernetted-chain approximation or is lost in mean-field theories
like the PB approximation. Often, the description of colloidal solutions is sim-
plified by making a preaverage over the small ions. Typically, theories based
on such a description predict a repulsive force between like-charged colloids
at all conditions. Hence, in addition to providing a detailed description of
the structure of colloidal solutions, simulation results of the primitive model
of electrolytes are also of great importance for assessing the accuracy of (i)
approximate statistical-mechanical theories and (ii) simpler models. These
aspects are further discussed in recent reviews [11-14].

Employing the primitive model of electrolytes, attractive forces between
like-charged colloids arising from electrostatic interactions have been found
in computer simulations [15-28] and proposed by various theories [29-37].
In most of the simulation studies reported and in some of the theoretical
investigations, the attractive forces seem to be of a short-range character
originating from correlation effects [15-22,25-31, 37]. In some other simu-
lation studies, the attraction is due to metastable counterion states [23, 24].
Other theoretical investigations predict a more long-range attraction [32-36],
however not yet having been corroborated by simulations. In some of the
theoretical approaches, attraction only appears when a simple salt is added.

Simulation studies and theoretical developments of other systems
show that short-range attraction also may appear between like-charged
planes [38-40], cylinders [37,41-48], and stiff chains [49]. Attraction aris-
ing from electrostatic interactions among like-charged flexible objects has
also been documented. For example, such an attraction gives rise to chain
collapse [50-53] and phase instability [54] in systems containing flexible
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polyelectrolytes, to the formation of toroids in systems containing semi-
flexible polyelectrolytes [55], and collapse of cross-linked polyelectrolyte
gels [56, 57].

The aim of this review is to provide some state-of-the-art knowledge on
the methodology of simulating equilibrium properties of solutions of charged
colloids using the primitive model of electrolytes. The review is primar-
ily based on experiences accumulated in this area during more than two
decades. To make the review as coherent as possible, properties and simu-
lation aspects, focused mainly on four representative systems, will be given.
Consequently, most of the presented data are original.

Besides selecting a model, boundary conditions have to be applied, and the
preferred one will depend upon the properties of interest. The most common
ones are a spherical cell containing one macroion, a cylindrical cell contain-
ing two macroions, and a cubic box with periodic boundary conditions. The
first is most frequently used to examine the distribution of small ions near
a macroion and approximate thermodynamic results, the second to deter-
mine the force between two macroions mediated by the small ions, and the
last boundary condition provides full structural and thermodynamic proper-
ties of a bulk system.

The most common simulation method in this area is Metropolis MC simu-
lation, but molecular dynamics and Brownian dynamics are also employed.
As mentioned above, simulations provide essentially the exact solution of the
given model systems, but the results are subjected to statistical uncertainties.
Nevertheless, the statistical uncertainties can normally be reduced to an ar-
bitrary low level by increasing the simulation length. More severe are other
methodological difficulties that accelerate as the size and charge asymmetries
between the colloidal particles and the small ions are increased. These dif-
ficulties originate from (i) the long-range nature of the strong electrostatic
interactions and (ii) the spatial accumulation of a large number of counteri-
ons near the macroions [58]. The so-called Ewald summation, based on ideas
of Ewald proposed 80 years ago [59], has during the last two decades been an
established method to handle long-range interactions. More recently, cluster
move techniques have found to be very profitable for accelerating the con-
vergence of the simulation of highly asymmetric electrolytes [60,61]. Up to
a 10°-fold reduction of computer time can be achieved for typical model sys-
tems.

The organization of the review is as follows. In Sect. 2, the primitive model
of electrolytes is introduced. A set of reduced parameters is discussed, and
the connection to experimental systems is provided. Three different bound-
ary conditions are presented. In Sect. 3, some general simulation aspects are
given. The properties of four specific systems, representing different experi-
mental cases, are provided in Sect. 4. Section 5 focuses on the calculation of
the interaction between two macroions mediated by their counterions. Three
numerical approaches will be examined and their relative merit compared. In
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Sect. 6, different aspects on the simulation of bulk solutions of asymmetric
electrolytes using periodic boundary conditions are given. First a comparison
of different boundary conditions is presented in Sect. 6.1. Then, in Sect. 6.2,
the Ewald summation is examined, and issues such as system size conver-
gence, energy summation convergence, and optimization of the CPU time are
discussed. Section 6.3 contains an analysis of the selection of trial moves, and
in particular the usefulness of a cluster move technique is illustrated. Fur-
thermore, a second-level cluster move technique, facilitating simulation of
phase-separating systems, will also be treated briefly.

2
Model

2.1
The Primitive Model of Electrolytes

The primitive model of electrolytes constitutes a firm basis for statistical-
mechanical description of solutions of charged colloids. This model will be
adopted throughout, and it originates from the more general McMillan-
Mayer solution theory [62, 63].

Within the primitive model of electrolytes, ionic species are represented by
charged hard spheres differing in charge and size, whereas the solvent enters
the model only through its relative permittivity. For simplicity, solutions con-
taining only charged colloids and their counterions forming an electroneutral
system are considered in this review, hence no simple salt is added. In what
follows, colloids will be referred to as macroions. The interactions between
particles are assumed to be pairwise additive, and for pair ij, where i and j
denote either a macroion (M) or a counterion (I), it is given by

o0, r<R;+Rj,
wi( =12z 1 (1)
47T8()8r1” - J?

where Z; is the charge of particle 7, R; the radius of particle i, e the elementary
charge, ¢y the permittivity of vacuum, &, the relative permittivity of the sol-
vent, and r the center-to-center separation between the particles. The model
is schematically illustrated in Fig. 1.

The description of such a colloidal solution requires, in total, eight physi-
cal parameters, viz., Zy, Z1, Rm, R, om» o1, T, and &;, where p; is the number
density of particles i and T the absolute temperature of the system. Not all
of the parameters are independent. Here, (i) application of electroneutral-
ity, (ii) noticing that ZiZje2 /(4meoerkT) appears collectively in the partition
function, and (iii) expressing all lengths in, say, Ry, decreases the number of
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Fig.1 Schematic illustration of the primitive model of electrolytes including spherical
macroions with specified charge Zy and radius Ry and spherical counterions with charge
Z; and radius Ry in a solution characterized by a relative permittivity &,

independent parameters by 1, 2, and 1, respectively, i.e., a decrease of in total
four parameters. Hence the system is fully characterized by four reduced pa-
rameters. Moreover, since in colloidal systems R; < Ry, the reasonable sim-
plification R = 0 is made, which results in only three remaining reduced pa-
rameters. The set consisting of (i) the macroion-charge-to-counterion-charge
ratio Zy, (ii) the macroion volume fraction ¢y, and (iii) an electrostatic coup-
ling parameter /7 will be used, although of course other sets are possible.
These parameters are defined as

Zi=-(Zn/Z), )
ém = (47/3)R3 oM » 3)
I =Z1g /Ry s (4)

where Ip = e?/(4mege,kT) is the Bjerrum length denoting the separation be-
tween two unit charges at which their electrostatic energy becomes equal to
the thermal energy and with k being the Boltzmann constant.

Other length variables commonly of interest are the Debye screening
length Ap = [(eZI)2,<>1/(808rkT)]‘1/2 with p1 = Z; pym, and where only the coun-
terions are supposed to contribute to the screening, and the Wigner-Seitz
cell radius ro = [(47/3)pm]™'/3. The former denotes the decay length of
the screened Coulomb interaction, and the latter is a measure of the typi-
cal separation between two repelling and neighboring macroions. Expressed
in the length unit Ry and reduced parameters, they become Ap/Rym =
(3Z,. Iipm)™'/? and ry /RMm = q&;/ll / 3, respectively. Moreover, we notice that the
set (Z;, I'1) can be combined into (I'v, I11) with I'vit = Z.I71. With this
new set the PB theory, where the counterion-counterion correlations are neg-
lected, is obtained in the limit /7y — 0 at nonzero I'\. This is consistent
with recent field-theoretical arguments [37], which say that the PB theory is
recovered in the limit & = ZMZIZZZB / (ZR%/I) = I'vitI11/2 — 0 at finite reduced
Gouy-Chapman length /Ry = 2Rm/(ZmZilg) = 2/ T

The case of an aqueous solution at room temperature containing mono-
valent counterions is commonly encountered, and for convenience this case
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Fig.2 Overview of the (Z;, I1)-parameter plane containing the location of typical
charged colloids with monovalent counterions in aqueous solution at room temperature
and the location of Systems I-IV (squares). The directions of increased value in (i) coun-
terion charge Zi, (ii) macroion charge Zy, and (iii) the combined parameter (Rye,T)!
are shown by arrows. Also shown are other simulated systems (dots) and the gas-liquid
coexistence curve (dashed curve with triangles) [22]

will be referred to as the standard condition. Figure 2 shows the approxi-
mate location in the (Z;, I'71) plane at the standard condition of different
important experimental systems including (i) solutions of charged and glob-
ular proteins, (ii) solutions of charged micelles formed by surfactants, (iii)
microemulsion systems, and (iv) solutions of silica particles. The Z;-range
relevant for aqueous solutions of latex particles is, however, not covered. Al-
though their lower size limit of 22 1000 A, corresponding to If; ~ 0.01 at the
standard condition, is tractable, their lower bare charge Zy = 1000 is still too
large for systematic simulation studies.

In this review, properties and simulation aspects of mainly four colloidal
systems will be considered. The location of these systems in the (Z;, IT1)
plane are given by filled squares in Fig. 2, and their full characterization in
terms of (Zy, ¢m, I11) is provided in Table 1. For an easier comparison among
the systems, the macroion volume fraction ¢y = 0.01 is used throughout. Ob-
viously each of the four systems represents several experimental ones. For
example, Systems I-III could represent an aqueous solution of charged sur-
factant micelles with radius Ry = 20 A, where the micelles in System I could
be formed by a mixture of ionic and nonionic surfactants with monovalent
counterions, in System II by ionic surfactants with monovalent counterions,
and in System III by ionic surfactants with divalent counterions. Finally, the
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Table 1 Definition of the four systems considered in terms of the reduced units Z;, I7y,
and ¢y, typical experimental colloidal systems that they could represent, and two other
reduced parameters

System Z; I dm Typical experimental systems® I“ISH ok
description M VA Rum

I 10 0.3558 0.01 mixed surfactant -10 +1 20 3.558 0.633
micelle with
monovalent
counterions

II 80 0.3558 0.01  surfactant micelle -80 +1 20 28.46 5.06
with monovalent
counterions

111 40 1.423 0.01 surfactant micelle -80 +2 20  56.92 40.5
with divalent
counterions

v 80 0.0445 0.01  silica particle -80 +1 160 3.558 0.0792

2 Aqueous solution (¢&; = 78.3) and room temperature (T = 300 K) have been assumed.
b Macroion-counterion potential energy at contact, vy = Z I'1.
¢ Field-theoretical coupling parameter & = I'1/11/2 (in the present notation) [37].

macroion charge in System IV could be the same as in Systems II and III,
but the electrostatic coupling is weaker by, e.g., making the macroion radius
larger, and then this system could represent a suspension of particles with
a lower surface charge density as compared to System II. These examples of
experimental realizations are also summarized in Table 1.

2.2
Boundary Conditions

Besides the description of the ionic species and their interactions, a boundary
confining the particles needs to be provided. The choice of such a bound-
ary condition is dictated by the properties of interest to be investigated. Here,
(i) a spherical cell, (ii) a cylindrical cell, and (iii) a cubic box with periodic
boundary conditions will be considered. Figure 3 illustrates these boundary
conditions and also displays typical position of the particles.

The spherical cell approach is based on a hypothetical subdivision of
the colloidal solution into electroneutral subvolumes, each containing one
macroion and corresponding amount of counterions and solvent. This
boundary condition is most frequently used to examine the distribution
of small ions near a macroion and to obtain approximate thermodynamic
results. It is most often implemented by placing a single macroion concen-
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Fig.3 Snapshots illustrating boundary conditions and typical particle positions of Sys-
tem II. a Spherical cell containing one macroion and 80 counterions. b Cylindrical cell
containing two macroions and 160 counterions. ¢ Cubic box with periodic boundary con-
ditions containing 80 macroions and 6400 counterions. A radius 0.1Ry has here been
assigned to the point counterions. In a Ry =4.64Ry;, in b Ry = 4Rm and Leyi = 12Ry,
and in ¢ L = 32.22Ry, resulting in macroion volume fractions ¢y = 0.010, 0.014, and 0.010,
respectively

trically in the spherical cell and confining the small ions by the external
potential

0 r<R
u(r): b — Sph)
o0, r>Rsph,

(5)

where r = (x, y, z) is the position of particle i and Ry}, the radius of the
spherical cell. Hence, the small ions explore the volume of the sphere (Fig. 3a).
Of course, the influence of the remaining solution is taken into account only
in an averaged way. The spherical boundary condition is most useful when
the macroions repel each other and becomes inappropriate when they possess
attractive interactions.

A cell approach can also be used to determine the force between two
macroions mediated by the small ions. For that purpose, a cylindrical cell
will be employed; however, the exact shape of the cell is not important. In
the cylindrical cell approach, two macroions are placed on the C, axis of
the cylinder, and the confining external potential, applying to all particles, is
given by

0, (x2+y*) <R and |z| <Ley/2,
00, otherwise,

(6)

u(r) =
where it has been assumed that the Co, axis is placed along the z-direction
and where R,y denotes the cylinder radius and L.y the cylinder length
(Fig. 3b). The macroion separation is either held fixed or variable, depending
on the method used to calculate the mean interactions.

A major obstacle of simulating a bulk liquid confined in a container is the
large fraction of particles that are in contact with the walls of the container.

This surface effect can be circumvented by applying periodic boundary con-
ditions in all three directions. For example, a periodic boundary condition in
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one dimension, say, in the x-direction, involves the replacement of the sepa-
ration x (x > 0) between two particles with L - x, where L is the box length,
if x exceeds L/2 [64]. Thus, the effect of confining surfaces is eliminated and
all spatial positions in the box become identical. However, still some sys-
tem size dependence remains (see discussion in Sect. 6.2.2). Occasionally, this
boundary condition is referred to as toroidal boundary conditions. Figure 3c
illustrates a cubic box containing macroions and counterions to which peri-
odic boundary conditions have been applied.

3
General Simulation Aspects

The Metropolis MC method in the canonical ensemble is the most frequently
used simulation approach to solve the primitive model of electrolytes. Aver-
ages of static properties are taken from a large set of Boltzmann-weighted
configurations. Molecular dynamics and Brownian dynamics constitute two
other methods to determine static and dynamic properties of molecular sys-
tems. Their implementations are, however, complicated for systems possess-
ing impulsive forces in combination with other forces. Hence, a soft-sphere
repulsion is frequently used instead of the hard-sphere one when simulating
such systems with these methods.

In the spherical and cylindrical cell approaches, all pair interactions ac-
cording to Eq. 1 are taken into account and the execution of such simulations
is often straightforward. Simulations of fluids confined in a box with periodic
boundary conditions involve a larger number of particles with a concomitant
increase of computer load, typically 50 to 100 macroions, their counterions,
and salt species (if any) are used. As already alluded to in the introduction,
(i) the treatment of the long-range electrostatic interactions and (ii) the abil-
ity to generate Boltzmann-weighted configurations spanning the relevant part
of the configurational space are two important issues in such simulations.
These issues will be elaborated in Sect. 6. Regarding other simulation-related
issues, including determination of equilibrium and of precisions of mean
values from production simulations through block averages and autocorrela-
tion functions, the reader is referred to [64-66].

Unless otherwise stated, the properties of Systems I-IV are based on equi-
librated systems and made by MC simulations. Uncertainties given are based
on block averages. The length of the production runs are given in number
of MC passes, Npass; such a pass comprises, on average, one trial move per
particle.
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4
Properties of the Model

This section contains a brief resumé of the use of the three different boundary
conditions, selected equilibrium properties of asymmetric electrolytes based
on Systems I-IV, and other recent advances.

4.1
Counterion Accumulation

The spherical cell model was used early to examine the distribution of the
small ions near a charged macroion and the thermodynamics of such sys-
tems. In the past, the model was used to investigate, e.g., the electrostatic
potential and the small ion distribution [67-74], the self-diffusion of coun-
terions [75-78], the micelle formation of charged surfactants [79], and full
phase diagrams of charged surfactant-water systems [80]. Many of those
investigations were based on the PB equation, providing an approximate de-
scription of the model system.

The radial counterion distribution, expressing the local density of the
small ions as a function of the distance from the macroion, is the princi-
pal result of the spherical cell model. Figure 4 displays such distributions for
Systems I-IV, and counterion concentrations at the macroion and cell sur-
faces are collected in Table 2.

Generally, there is an accumulation of the counterions near the macroion
surface with the maximal concentration appearing at contact, r = Ry (re-
member R; =0), arising from the attractive macroion-counterion electro-
static interaction. In Systems I and IV, the counterion distribution deviates
only moderately from a uniform distribution, which originates from their
comparable small I}y values (Table 1). The distribution of the counterions
becomes much more inhomogeneous in Systems II and III, representing so-
lutions of charged surfactants with monovalent and divalent counterions,
respectively. For System III, the local concentration at the macroion surface
is nearly 1000 times higher than the average one (Table 2). Returning to Sys-
tems I and IV, their counterion distributions are indistinguishable within the
statistical uncertainty. This is a consequence of the fact that (i) the values of
I'vip are identical for these systems and (ii) the values of I are small (< 1)
(Table 1 and the discussion in Sect. 2.1).

A comparison between results from the MC simulations and the PB theory
shows that they are indistinguishable for Systems I and IV, slightly differ-
ent for System II, and considerably different for System III. This increasing
difference is consistent with an increasing value of & for System IV, Sys-
tem I, System II, and System III (Table 1). In particular, the PB approxima-
tion underestimates the accumulation of the small ions near the macroion
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Fig.4 Reduced counterion concentration profile for Systems I-IV as a function of the ra-
dial distance evaluated from the spherical cell model containing one macroion and Z,
counterions solved by MC simulations (solid curves) and the PB equation (dotted curves).
The data for Systems I and IV practically overlap (MC simulation) or are identical (PB
equation). The thin solid line corresponds to a uniform distribution. The insert shows
an expansion for short distances for Systems II and III. Reey = 4.64Rp; Npass = 10, and
a histogram width of 0.01Ry for sampling the simulated profiles

Table2 Reduced counterion concentration at the macroion and cell surfaces evaluated
from the cell model using MC simulation and the PB equation®

C1 (RM) /{en)cen 1 (Rcell) /€D cell
System McCP PB° MCP PB®
I 7.8(2) 7.55 0.80(3) 0.799
Il 364(3) 337 0.186(3) 0.209
I 932(5) 802 0.054(2) 0.109
v 7.6(1) 7.55 0.801(6) 0.799

2 {cr)cen denotes the average counterion concentration in the cell. R = 4.64Rv and
Npass = 105

b Values obtained by using a histogram width 0.01Ry and an extrapolation using a har-
monic fit.

¢ In the PB approximation, Systems I and IV become identical when described in reduced
units.

(see insert of Fig. 4), leading to a too large concentration further away. Fur-
thermore, within the spherical cell model, the osmotic pressure is given by
P = kTc(Ree1), where c(Ree) is the total concentration of the small ions at
the cell boundary [81]. This relation holds (nontrivially) also for the PB ap-
proximation [82]. The discrepancies of the cell contact values between the PB
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approximation and the exact ones given in Table 2 show that the PB equa-
tion overestimates the osmotic pressure by 10% for System II and 100% for
System III. This confirms the established view that the PB equation provides
an acceptable description of aqueous solution at ambient temperature con-
taining charged surfaces with monovalent counterions, but not with divalent
ones.

More recently, the spherical cell model has been used to examine the
effects of replacing the homogeneous surface charge density with discrete
macroion surface charges [83-85] and with more detailed protein fea-
tures [86]. Another use of the cell model is to assess the importance of surface
polarization appearing at the macroion-solvent interface when taking into
account the lower permittivity inside the macroion [83,87, 88]. Finally, an
eccentric positioning of the macroion in a spherical cell model was used to
investigate effective macroion-macroion interactions [89].

The complexation between one macroion and an oppositely charged poly-
mer has also been addressed by MC simulations using the cell model. Early
simulations were focused on the thermodynamics of the complexation under
different conditions [90-92], whereas more recent simulations have com-
plemented theoretical predictions [93,94] and mapped the diversity of the
macroion-polyion complex structure in more detail [95, 96].

4.2
Mean Force

Other important aspects of asymmetric electrolytes can be obtained from
the mean force acting between two macroions mediated by the small ions.
Such determinations have been performed for structureless macroions for
equilibrated counterions [15-17, 19, 25, 26, 28, 97] and metastable counterion
states [23,24]. In these investigations, different boundary conditions have
been applied, from cell models to cubic boxes with periodic boundary con-
ditions. A similar study for two macroions with polymeric counterions has
also been performed [98]. Since the macroions and their counterions are con-
fined to a finite volume, which approximately takes into account the influence
of the surrounding electrolyte, the force obtained is a mean force rather than
an effective one [13].

The mean force and the potential of mean force acting on one of the two
macroions as a function of the macroion separation r for Systems I-IV ob-
tained from the cylindrical cell model are provided in Fig. 5. Starting with
System II, representing a solution of surfactant micelles with monovalent
counterions, the mean force is purely repulsive at all separations (Fig. 5a).
The eightfold reduction of the macroion charge (System II — System I) leads
to a strong reduction of the magnitude of the repulsive mean force. The
replacement of monovalent counterions with divalent ones (System II — Sys-
tem III) also strongly reduces the long-range repulsion, and, moreover, at
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Fig.5 a Mean force and b potential of mean force for Systems I-IV as a function of the
macroion separation evaluated from the cylindrical cell model containing two macroions
and 2Z, counterions. In b, UP™(r = 5.75Ry) = 0 has been adopted. Rey1 =4RM, Loyt =
12Ry;, and Npqes = 10°

short separation an attractive mean force appears. Finally, a reduction of the
electrostatic coupling through an increase of macroion radius, permittivity,
or temperature (System II — System IV) gives rise to an increase of the long-
range repulsion.

The corresponding potential of mean force (pmf) displays a similar func-
tional form (Fig. 5b). In Systems II and IV, the mean force has not approached
zero at the longest separation considered, and hence UP™f should be consid-
erably more repulsive (shifted upward) than shown to match the conventional
limit UP™(r) — 0 as r — oo. For System I, the pmf at contact (r = 2Ry) is
reduced to ~ 7kT. Regarding System III, only a weak long-range repulsion re-
mains, a barrier of ~ 1kT appears at r ~ 2.4Ry;, and a global minimum of
A - 2kT occurs at macroion contact.

Lately, mean forces and pmfs have been simulated for models contain-
ing discrete surface charges inhomogeneously distributed with a spherical
hard-sphere potential [99-101] and protein models with a more irregular
hard-core potential [102].
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4.3
Structure

The first published simulation of solution properties of substantial size and
charge asymmetric electrolytes was made over 20 years ago and was re-
stricted to low charge asymmetry, Z, = 12 [103]. Despite much improved
computer resources, later simulation studies were still bounded by an upper
charge asymmetry limit of Z, ~ 20 [21, 58, 74, 104-108]. It was first with the
use of an improved sampling technique that solutions of asymmetric elec-
trolytes with larger charge asymmetries could efficiently be treated [18, 20, 22,
27,109].

Representative radial distribution functions (RDFs), gii(r), again for Sys-
tems I-IV, are shown in Fig. 6. These functions display the relative density of
a particle of type j at a distance r from a particle of type i. In homogeneous
fluids, g;j(r) is conventionally defined to approach unity at large distances. At
distances r < R; + Rj, where hard-sphere overlap appears, gijj(r) is exactly zero.

Starting with System II, the macroion-macroion RDF displayed in Fig. 6a
confirms the conventional view that macroions are well separated and form
a fluid with an order extending at most a few macroions away. The closest
macroion-macroion separation exceeds the contact separation 2Ry and the
first maximum of the macroion-macroion RDF appears at = ,01:,[1 /3, demon-
strating a strongly repulsive effective force acting between the macroions
and consistent with the pmf given in Fig. 5b. The main effect of varying the

. o . . - o -1/3
macroion density is a shift of the maxima and minima maintaining the py;
relation [22]. A strong accumulation of the counterions near the macroions is
clearly demonstrated in Fig. 6b, as was also deduced from the spherical cell
model. The contact value of gy increases as the density decreases, showing
a more uneven counterion distribution at lower densities [22]. However, the
counterion number density at contact pigmi(r = Ry ) is only weakly (roughly
logarithmically) density dependent, an important factor for simulation op-
timization. Macroion-counterion RDFs obtained from simulations of fluids
and counterion radial distribution from simulations using the spherical cell
model are nearly identical at short separations where the influence from other
macroions and their nearby counterions is small. Finally, the counterion-
counterion RDF shown in Fig. 6¢ displays a positive density correlation in the
range 0.1 - 2Ry;. The shape of gr1(r) is a characteristic feature of dilute asym-
metric electrolytes and reflects the combined effect of the repulsion among
the macroions, the attraction between the counterions and the macroions,
and the repulsion among the counterions themselves.

When the macroion charge is reduced (System II — System I), gvm(7)
displays a reduced ordering of the macroions. Obviously, the effective repul-
sion among the weaker charged macroions is smaller, again consistent with
the pmf from the cylindrical cell approach. The contact value of gy is re-



126 P. Linse

Ium(n)

0.0

100

80

60

40 F

20

gui(n

20

_/, \ © |
I \
A\

g,(n
o
T
~
7
!

[0 Q== e I TPl o s e il
0 1 2 3 4 5
r/ Ry

Fig.6 a Macroion-macroion, b macroion-counterion, and ¢ counterion-counterion ra-
dial distribution functions for Systems I-IV obtained from simulations using a cubic box
containing 80 macroions and 80Z; counterions with Ewald summation (Sect. 6.2) and
macroion cluster moves (Sect. 6.3). Thin solid lines correspond to uniform distributions.
L =32.22Ry and Npass = 5 10%. Data taken from ref [22]

duced to ~ 10, demonstrating a much weaker accumulation of counterions
near the macroion, also an important factor for efficient MC sampling. The
counterion-counterion RDF is very smooth, and no spatial correlation among
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the counterions remains except for a repulsion at short distances. Hence, the
reduced macroion charge leads to weakened structure among all pairs of par-
ticle types.

As the monovalent counterions are replaced by divalent ones (System II —
System III), the shape of the macroion-macroion RDF is drastically changed.
The characteristic maximum at ~ ,oi,jl /3 has vanished, gmm(r) <1 for all sep-
arations r < 10Ry;, and a sharp local maximum appears at r & 2Ry. Hence,
the long-range repulsion is absent, and there is a tendency to form macroion
pairs. Again the RDF seems to be consistent with the corresponding pmf
results. In particular, a positive pmf at short separations (Fig. 5b) corres-
ponds to a value of the macroion-macroion RDF of less than one (Fig. 6a)
and the negative pmf at contact for System III with a maximum in the RDF.

[In fact, defining Ug:ilcfl(r) /kT =-In[gmm(r)], a close resemblance between

Ug:ilcfl(r) and UP™(7) is obtained at conditions where the repulsion is not
too large [26].] The macroion-counterion RDF shows that the accumula-
tion of the counterions near the macroion is stronger, and the g1(r) displays
a stronger spatial correlation among the counterions as compared to Sys-
tem II, as was also concluded from Fig. 4.

Finally, the changes in structure at an increase of the macroion radius from
20 to 160 A (System II — System IV) will be considered. First, gmm(r) shows
that the macroion structure is enhanced, again consistent with the pmf data.
Since we consider systems at same volume fractions, this enhancement must
have an electrostatic origin.

To summarize the observations, in the sequence (System IV — System II
— System III) we observe (A) a decrease of the repulsive mean force between
the two macroions and a reduced long-range structure (B) followed by the
appearance of an effective attraction at short separation.

(A) The physical reason for the weakening of the macroion structure as,
e.g., the macroion radius is reduced (System IV — System II), is a nonlinear
response. Table 1 shows the macroion-counterion potential energy at contact
amounts to Iy = 3.6 and 28.5, respectively, and Fig. 6 shows a superlinear
increase of the counterion accumulation. Although the direct macroion-
macroion repulsion also increases as 7y is increased, the effect of the screen-
ing grows faster. In fact, the macroion structure decreases as the electrostatic
coupling 7 is raised when I > 5/Z; [22].

(B) Moreover, as the electrostatic coupling parameter I7; is increased even
further, here by replacing monovalent counterions with divalent ones, a situ-
ation occurs where the extension of the conventional double layer is very
small, and a short-range attraction seems to appear. The appearance of such
an attractive force at short separation is at odds with the DLVO theory [3, 4].
The origin of this attraction was discussed in some detail in [26]. Briefly,
starting from a mean-field theory as the PB equation, where the spatial cor-
relations among the counterions are neglected, only a repulsive interaction
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is possible [110,111]. With this perspective, the attraction arises from the
spatial correlations among small ions residing on different macroions. The
correlation effects come effectively into play only at such large I, where the
conventional electrical double layer becomes very thin (essentially all counte-
rions are electrostatically attracted to macroion surfaces).

At an even slightly larger electrostatic coupling than in System III, the so-
lution becomes unstable. Figure 2 (dashed curve) displays the boundary of
the unstable region in the (Z;, I71) plane at ¢y = 0.01. Above the boundary
the system separates into two phases, one rich and one poor in the elec-
trolyte [22].

More complex systems such as solutions containing macroions and short
flexible counterions have recently been simulated using the primitive model
of electrolytes [112]. Solutions of macroions with simple counterions at dif-
ferent amounts of oppositely charged polyelectrolyte have also been inves-
tigated, and the sequence “complexation — phase separation — redisso-
lution” was observed [113]. Similar simulations where the macroion repre-
sented lysozyme have also been performed [114]. Finally, by using a related
soft-sphere model, the dynamics and, in particular, the self-diffusion of the
macroions and the counterions have been investigated by employing Brown-
ian dynamics simulation [115].

5
Cylindrical Cell Model

A brief theoretical background of the mean force and pmf evaluated in
a cylindrical geometry will be given. Such an approach rests on the assump-
tion that three and higher-order macroion correlations are of less importance.
The performance of three different methods and a critical examination of the
assignment of some selected parameters of these methods will be provided.
Finally, some practical guidelines will be collected. Although the numerical
examples are provided for spherical particles with hard-sphere and electro-
static interactions, mean forces and pmf’s can easily be calculated for non-
spherical particles and with particles possessing other types of interactions.
Mean forces and/or pmf’s between macroions mediated by small ions,
representing the situation in solution, have been calculated using a var-
iety of boundary conditions: a cubic box with periodic boundary condi-
tions [16,17,19,100,101], a cubic box with hard walls [15], one spherical
cell [102], two spherical cells [97], and a cylindrical cell [26,28]. The as-
sumption of small higher-order correlation effects implies that the mean force
should not strongly depend on (i) the boundary conditions or (ii) the shape of
the cell or the box. The latter issue has briefly been examined for the cylin-
drical cell; otherwise these aspects have not yet been analyzed. Finally, the
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cylindrical cell model possesses two favorable properties: (i) fairly equal dis-
tribution of the solution volume around the macroions and (ii) existence of
several methods to evaluate the mean force or the pmf.

5.1
Mean Force and Potential of Mean Force

Consider two macroions and their counterions confined in a cylindrical cell as
illustrated by Fig. 3b and with the cylinder symmetry axis in the z-direction.
From general principles of local equilibrium, the mean force F acting on one
of the macroions, say M, can be expressed as [13, 116, 117]

1
F= #[— kT o1l + go&y (EE - 2EZI)] -ds, @)
area

where the integrand constitutes the stress tensor and the integration is over
a closed (but otherwise arbitrary) area enclosing macroion M but excluding
the other macroion. In Eq. 7, the first term denotes the kinetic contribution
with pg here being the small ion distribution and I the unit tensor, the second
term denotes the contribution from the electrostatic interaction with E being
the electrostatic field, and ds denotes a surface element times a normal vector
pointing away from macroion M. By symmetry, in the present context x and
y components of the mean force are zero, and hence the mean force F lies in
the z-direction. A positive value of F implies a repulsive and a negative value
an attractive force. In what follows, r will denote the separation between the
two macroions.
The related pmf UP™ is defined by

r

UP™(r) = - / E(r')dr . (8)
o
At large r, F(r) and UpPmi(y) approach zero. Both quantities depend on (i) the

direct repulsive macroion-macroion interaction uym(r) and (ii) an indirect
contribution mediated by the counterions.

5.2
Evaluation of Mean Force

As a consequence of the freedom of selecting the integration surface in Eq. 7,
the mean force can be evaluated in an infinite number of ways. Two of them
will be considered here.
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5.2.1
Surface Approach

If the hard-sphere surface of macroion M is selected as the integration area,
Eq. 7 can be expressed as

F(r) = Fhs(r) + Felec(r) > (9)
where
Fus(r)=%- | ~KkT ﬂ pr(A) ds | (10)
micioion
N
Faeen) = D (- Vit (e (1
i#M

In Eq.10, Fys(r) represents the net transfer of linear moments in the
z-direction from small ions colliding with macroion M with pmi(A) denot-
ing the contact density of the small ions at the macroion surface. Since pmi(A)
varies over the macroion surface, Fy(r) is not trivially zero. In Eq. 11, Fejec (1)
represents the electrostatic force in the z-direction acting on macroion M
arising from the electrostatic interaction with the other particles in the sys-
tem.

The evaluation of the surface integral in Eq. 10 is numerically cumber-
some, since the contact density as a function of the angle between 2 and the
surface normal has to be sampled. However, that can be circumvented by
using an elegant method proposed by Wu et al. [17,19]. Basically, Fys(r) can
be reexpressed as

(12)

P, overlap(Ar) P overlap(Ar)
Fie(r) = kT | i - ,
hs (7) |:Arli>n()+ Ar ArILHO‘ Ar

where Pyyerlap (A7) denotes the probability of at least one hard-sphere overlap
appearing between the macroion and one small ion when the macroion is dis-
placed the distance Ar in the z-direction. The two terms in Eq. 12 denote the
transfer of linear moments in the negative and positive z-direction, respec-
tively. According to Wu et al. [19], Poyerlap(Ar) could be approximated with
the average number of hard-sphere overlaps for sufficiently small Ar. Since
such an approximation does not possess any numerical advantage, it has not
been made in the examples given below.

The limits in Eq. 12 have to be evaluated numerically using a finite Ar. The
determination of a reasonable Ar requires some numerical tests. A small Ar
gives rise to a principally improved Fy, but suffering from large (statistical)
uncertainties, whereas a large Ar leads to a result with high accuracy, but pos-
sessing a systematic error. The largest Ar, at which Fyg still does not suffer



Simulation of Charged Colloids in Solution 131

significantly from a systematic error (referred to as the optimal Ar), de-
pends on (i) the system, (ii) macroion separation, and (iii) simulation length.
Some of these aspects are illustrated in Fig. 7a, which displays F,s with uncer-
tainty bars as a function of Ar calculated for System II at macroion separation
r =2.025Ry;. The figure confirms the appearance of a systematic underestima-
tion of Fy at large Ar, and the increase in the uncertainty as Ar is reduced.
The optimal Ar appears at ~ 0.0002. Table 3 provides the optimal Ar and cor-
responding uncertainty o (Fps) for Systems I-IV at r = 2.025Ry and 2.975Ry1.
We conclude that (i) the optimal Ar increases as r is increased, varies between
0.0002 and 0.005 for the shorter macroion separation, and becomes larger for
the longer macroion separation, and (ii) the optimal Ar is smallest for Sys-
tem II. Wu et al. suggested Ar = 0.02Ry as the initial value for the search of
the optimal Ar [19].
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Fig.7 a Hard-sphere contribution to the mean force Fys as a function of Ar and
b the ideal contribution to the mean force Figey as a function of Ak with uncer-
tainty bars (one standard deviation) for System II at macroion separation r = 2.025Ry -
Rey1 =4Rm, Loy = 12Ry, and Npass = 10°. The uncertainty estimates are based on a divi-
sion of the simulations into 20 blocks. See Egs. 12 and 16 for the meaning of Ar and Ah,
respectively
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Table 3 Mean-force calculations: optimal Ar and corresponding o (Fys) for the surface ap-
proach and optimal Ah and corresponding o (Figea) for the midplane approach in units
of Ryt and kT/Ry at two different macroion separations. ? See text for further details

Surface approach Midplane approach

r=2.025Rym r=2.975Rm r=2.025Rym r=2.975Rm
System  Ar o(Fps)  Ar o(Fns)  Ah 0 (Fideal) Ah 0 (Fideal)
I 0.005 0.05 0.01 0.03 0.05 0.04 0.1 0.03
II 0.0002 5 0.002 1 0.02 0.2 0.1 0.03
111 0.002 2 0.01 0.1 0.02 0.2 0.1 0.01
v 0.002 0.3 0.01 0.07 0.02 0.2 0.1 0.06

3 Reyl = 4RM, Leyi = 12Ry;, and Npass = 10°

5.2.2
Midplane Approach

The surface enclosing one half of the cylinder constitutes another reasonable
choice of the integration area to be used in Eq. 7. With this choice, the mean
force can be divided into terms according to

F(r) = Figeal(r) + Felec(7) (13)
where
Fideal(r) = kT [p1(z = 0) - p1(z = Ley1/2)] A, (14)
N
Faeen) = 3" (= Viguf™(ry)) (15)
i<j

In Eq. 14, Fjgea1(r) arises from the difference in the transfer of linear moments
of the small ions across the planes z=0 and z = Ly /2 with p1(z = Z') being
the small ion number density in the plane z =z' averaged over the cross-
section area A of the cylinder. As long as r < L¢y1/2, Figeal(r) is dominated
by the p1(z =0) term. In Eq. 15, Feec(r) denotes the average force operating
across the plane z = 0 originating from the electrostatic interaction among the
charged particles and the prime that the summation only includes pairs of
particles located on different sides of the plane z = 0. Note, Fejec(7) represents
different quantities in the surface and midplane approaches.

Also, the evaluation of the densities at the z-planes in Eq. 14 requires a nu-
merical protocol. A simple approach is to use

) -) +)

(N1) (ND Apj2 T (ND ajya
F; =kT li Al _ , 16
ideal (1) Ahino’f Ah Al (16)
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where (NI)(AOL denotes the average number of small ions in a slab with the

width Ah centered at z=0 and (NI)(Aij)/2 the average number of small ions
in a slab with the width Ah/2 centered at z = F(Lcy - Ah/2)/2. As with Ar
in the surface approach, a small Ah provides a principally improved Fige,) (7)
but subjected to a large statistical uncertainty, whereas a larger Ah reduces
the statistical uncertainty but increases the systematic error. Figure 7b shows
Fideal With uncertainty bars as a function of Ah calculated for System II at
macroion separation r = 2.025Ry, and indeed such a behavior is observed.
The optimal Ah is & 0.02. Table 3 also contains optimal Ak and correspond-
ing o (Fjgeq)) values for Systems I-IV at two macroion separations. It is found
that the optimal Ah (i) increases as r is increased and (ii) is less dependent
than Ar on the particular system.

5.3
Evaluation of Potential of Mean Force

The mean force can also be obtained by differentiation of the pmf according
to Eq. 8. The pmf acting between the two macroions can be directly obtained
by sampling the frequency of the macroion separation r, P(r), from MC sim-
ulations of the model system. For example, the cylinder model can again be
employed, but now having the macroions constrained to only the z-axis and
allowing their z-coordinates to vary. From P(r) the pmf becomes

P(r) j|

pmf, =_
UP™(r)/kT = -1n [P(r_) 50)

(17)
In practice, P(L¢y1/2) is used to normalize UP™(7), i.e., Ume(Lcyl /2)=0is
assigned. In regimes where high electrostatic coupling appears, cluster trial
moves (Sect. 6.3.3) are strongly advocated to enhance the simulation effi-
ciency. When the pmf displays large variation (> 5kT), weighting functions
can be introduced to obtain a more uniform sampling and hence an improved
description of P(r).
The accuracy of the pmf can be predicted according to

’ <Upmf(r)> ) <I;hit,i> ’ "

where (Ny,i) is the average number of hits in histogram i representing the
distance r. With a uniform sampling, we have <Nhit,i) = Naqu/Nhist With Naqu
being the number of data acquisitions and Npjs the number of histograms
representing P(r).
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5.4
Comparison of Different Approaches

Which of the approaches should be selected to evaluate the mean force and/or
the pmf between two macroions mediated by the small ions? In what fol-
lows, some characteristics of the three approaches will be compared and the
complexity of extending them to other systems will be discussed.

Mean forces and their uncertainties have been calculated using the two
mean-field approaches for Systems I-IV. The optimal Ar and Ah for the
shorter separation given in Table 3 was used. The choice of Ar and Ah is im-
portant, since the uncertainty of F is dominated by the F; and Fige, terms,
respectively. Data for the two approaches were obtained from the same simu-
lations.

F(r) / (KT/Ry,)

Fideal ]

F

elec ]

r/ Ry

Fig.8 a Mean force as a function of the macroion separation for System II evaluated
using the surface approach (filled symbols with error bars) and the midplane approach
(solid curve with nearly invisible error bars) and b uncertainty of the hard-sphere and
electrostatic contributions of the surface approach (filled circles) and of the ideal and elec-
trostatic contributions of the midplane approach (open circles). Rey = 4Rm, Ley) = 12Ry,
and Npass = 10°. The uncertainty estimates are based on a division of the simulations into
20 blocks
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Figure 8 shows the mean force and the uncertainties of the force com-
ponents for System II as a function of the macroion separation. First, we
conclude that the two approaches predict the same mean force within the
statistical uncertainties. Second, the mean force calculated using the surface
approach (Fig. 8a, filled circles) displays considerable scattering at all separa-
tions, whereas the corresponding data using the midplane approach (Fig. 8a,
solid curve) are smooth (uncertainty bars are smaller than the thickness of
the line). Regarding the surface approach, the uncertainty in F arises entirely
from the uncertainty in the determination of Fy (cf. curves with filled circles
in Fig. 8b). In the midplane approach, the uncertainty in the determination of
Fideal dominates the uncertainty in F (cf. curves with open circles in Fig. 8b).
A similar difference in the accuracy of the two approaches for highly coupled
systems has been reported [28].

Representative uncertainties of the force components for Systems I-IV
using the two approaches are summarized in Table 4. In all cases, the uncer-
tainty in F is dominated by the uncertainty in F4 (surface approach) and in
Fideal (midplane approach). The uncertainties are smallest for System I, and
the performance of the two approaches is similar for this system. Also for
System IV, the performance of the two approaches is comparable. For Sys-
tems II and III, however, the surface approach provides F with &~ 50 times
higher precision, corresponding to 2500 shorter simulation for similar ac-
curacy. A comparison of the results for Systems II and IV shows a 25-fold
difference in the uncertainty in Fy of the surface approach (Table 4), despite
the fact that the mean forces are not too dissimilar (Fig. 5). This large dif-
ference in the uncertainties is attributed to the larger inhomogeneity of the
distribution of the small ions near the macroions occurring at the larger elec-
trostatic coupling in System II (Fig. 4).

The accuracy of simulated pmf’s for Systems I and III has also been ex-
amined. Table 5 shows that Eq. 18 provides a reasonable estimation of the

Table4 Mean-force calculations: uncertainties in Fe. and Fys for the surface approach
and in Fg. and Figeq for the midplane approach in kT/Ry units?

Surface approach® Midplane approach®
System 0 (Felec) 0 (Fps) 0 (Felec) 0 (Fideal)
I 0.02 0.05 0.01 0.03
II 0.2 5 0.02 0.1
III 0.2 2 0.02 0.03
v 0.06 0.2 0.03 0.1

# Reyl = 4Ry, Loy = 12Ry;, and Npgse = 10°
b optimal Ar according to Table 3
¢ optimal Ah according to Table 3
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Table5 Potential of mean force calculations: uncertainty in UP™ in units of kT from
simulations in which macroion separations are sampled®

Eq. 18 b System I System III

o (UPmf) 0.005 0.005 0.015

a Reyt = 4RM, Loy = 12Ry;, cluster trial displacements with Acyl = Ry, and Npass = 108.
A pmf simulation with Ny, = 10® involves about the same CPU time as 80 mean-force
simulations comprising Npass = 10° passes.

b Data acquisition was made every 10 pass using the interval 2Ry-12Ry with a 0.05Ry-
spacing (as used in the mean force calculations at short macroion separation), wich gives
Naqu = 107 and Npis; = 200 histograms resulting in <Nhist’,~> =5x10*

uncertainty. Furthermore, for comparable computer time, the pmf approach
provides more accurate results for System I and results of similar accuracy
for System III as compared to the midplane mean-force approach (cf. data
in Tables 4 and 5). For simplicity, the uncertainties in F and UP™ have been
compared directly without invoking any numerical derivation or integration,
areasonable procedure aslong as lengths are given in numbers of order of unity.

5.5
Practical Guidelines

The two approaches to simulate the mean force and the one to simulate the
pmf possess different characteristics in terms of (A) efficiency, (B) ease of use,
and (C) extension to systems with more complex particles.

(A) Ample numerical evidences with theoretical understanding show that
the mean-force determination using the midplane approach is more efficient
than the surface approach as the accumulation of the small ions near the
macroions becomes large. A direct determination of the pmf by a macroion-
separation sampling provides results with similar or slightly higher efficiency
than the midplane mean-force approach.

(B) The two mean-force approaches require optimization of parameters
controlling the determination the hard-sphere and the ideal contributions,
respectively. In the macroion-separation sampling, no such optimization is
present. However, for electrostatically strongly coupled systems, cluster trial
displacements are required and a weighting function could be needed to ob-
tain an approximately uniform sampling.

(C) If the small ions contain a hard-sphere radius and/or if chain
molecules are present, Eqs. 9-11 and 17 remain unchanged, whereas Eq. 13
should be extended with terms describing the transfer of linear moment
across the midplane of these ions and/or bonding force across the midplane.
Finally, if the macroion possesses a nonspherical symmetry, orientational av-
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eraging could be applied in all three approaches to get an orientationally
averaged mean force and pmf.

Hence, all three approaches have their own merits. If (i) the mean force is
the primary target, (ii) the interaction is needed for only a limited interval,
or (iii) a separation into different force components is desired, a mean-force
sampling using the midplane approach is the approach of choice. However, if
the electrostatic coupling is weak and, in particular, for systems with more
complex composition, the surface approach could be an alternative. The ap-
proach involving macroion-separation sampling has its strength when full
interaction curves are needed, in particular if the macroion displacements
can be made efficiently.

6
Periodic System

As mentioned in Sect. 2.2, for bulk simulations, systems are normally made
periodic to avoid surface effects. Nevertheless, large systems may still be
needed to cope with long spatial correlation lengths and/or long-range inter-
actions, and a number of CPU time-saving features are often applied to make
such simulations feasible.

6.1
Potential Truncation

Typically, 90% or more of the computational time is devoted to calculations
of the interparticle distances and potentials/forces. Substantial savings would
be made if the interactions between a particle and only its neighboring par-
ticles needed to be considered. For systems with short-range interactions
only, such a truncation of the interactions is straightforward. However, simu-
lation of ionic systems with long-range Coulomb interactions requires special
considerations. The consequences of truncating the Coulomb interaction in
simple electrolyte and molten salt systems with periodic systems was ad-
dressed in the 1970s [118,119].

6.1.1
General

The simplest truncation of the interparticle interaction is to make a spherical
cutoff (SC) at the particle separation Ry For a Coulomb system, this ap-
proach suffers from the observation that the net charge of the central particle
and the other particles inside the cutoff region is not necessarily zero, which
creates undesired artifacts (Sect. 6.1.2).
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A slightly more sophisticated method is the so-called “minimum-image”
(MI) convention, in which all interactions between the central particle and
its nearest image of all other particles are included. This is a significant im-
provement over a SC, since the central particle and its interacting particles
constitute an electroneutral entity. The MI convention has frequently been
applied to simulate simple electrolytes and, to some extent, weakly asym-
metric electrolytes. However, it suffers from the same principal deficiencies
as a SC, and the MI convention becomes insufficient for highly asymmetric
electrolytes.

The Ewald summation is a well-suited method to handle highly asymmet-
ric electrolytes. Due to the availability of efficient numerical implementations
of the Ewald summation, it is also frequently used to simulate systems with
a weak Coulomb coupling where the MI would work. Apart from the Ewald
summation, multipole expansion techniques have also been employed to sim-
ulate large Coulomb systems.

6.1.2
Comparison of Different Methods

The SC, the MI convention, and the Ewald summation have been applied to
Systems I and II. Figure 9 displays macroion-macroion RDFs for System I
employing the three different boundary conditions.

With the SC, there is an extremely large distortion of gymm(r) at r = Reye
(Fig. 9, solid curve; the arrow denotes the location of Ryt). Right below Ryt is

2.5 T T T T T T T T T

| System | 1
20 B
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| SNM1, x10
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Fig.9 Macroion-macroion radial distribution functions for System I using a spherical cut-
off at Reyt = 16Rm (SC, full curve), the minimum image convention (MI, dotted curve),
and a magnification according 10(gmm(r) - 1) + 1 for r > 12Ry (MI, x 10, dotted curve),
and the Ewald summation (Ewald, full curve). The RDFs have been analyzed beyond
r=L/2 (arrow) by employing the appropriate volume elements in the normalization.
The thin solid line corresponds to a uniform distribution. Ny = 80, L = 32.224Ry;, and
Npass = 5 x 10*
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a deficiency, and right beyond Ry is an excess of other macroions. As previ-
ously analyzed [118], the cutoff leads to a too attractive potential beyond Ry,
giving rise to an enhanced local density by primarily transferring macroions
from the region r < Ryt to 7 > Rey with a concomitant reduction of the po-
tential energy of the system. This distortion propagates from Rcy to both
shorter and longer distances, making the SC obviously completely useless.
In the MI convention, a given particle interacts with the nearest image of all
other particles, making the distortion less drastic (Fig. 9, dotted curve labeled
“MI”). Nevertheless, a tenfold magnification of the deviation from gym(r) =1
around r = L/2 displays a reduced density at r <L/2 and an enhanced one
in the diagonal directions at r > 2!/2(L/2). Obviously, macroions are depleted
from the box sides and accumulated far away in the diagonal directions, also
leading to a reduction of the potential energy of the system. Finally, with the
Ewald summation no such irregularities are found, and this appraoch will be
scrutinized in more detail below.

For the similar investigation of System II, which possesses much stronger
direct macroion-macroion interaction, the artifacts of the SC or the MI con-
vention become even more severe. Moreover, the fraction of accepted trial
moves becomes very small, making the simulations practically nonergodic.

Hence, these observations agree with previous findings that (i) simulation
of simple electrolytes can be performed with the MI convention but hardly
with a SC and (ii) the MI convention can typically be employed for simula-
tions of, at most, slightly asymmetric electrolytes [103, 104].

6.2
Ewald Summation

Since the Ewald summation is a well-suited and frequently used method to
treat the interactions in strongly coupled Coulomb systems, a brief back-
ground will be given and its system size dependence and truncation error will
be examined. Finally, some practical guidelines will be provided.

6.2.1
General

The Ewald summation is a method to evaluate the potential energy of a peri-
odic system of infinite extension, originally designed to obtain the potential
energies of ionic crystals [59]. When applied to simulations of liquids, the
system is made infinite by replicating the primary simulation box in (here)
three dimensions (Fig. 10). Hence, the system is disordered on some length
scale smaller than L but periodic for longer distances, which introduces arti-
facts. For such a truly periodic system containing charges, the expression of
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Fig.10 Schematic illustration showing the primary (central) simulation box containing
charged macroions and charged counterions as well as an infinite replication of the pri-
mary box

the total Coulomb energy becomes

1 ~ 4ig)
v= 4megey Z 23 |rij + mL]| ’ (19)
1<) meZ

where q; = Z;e and r;; = r; - rj, with r; denoting the location of particle i, the
sum over m reflects the different periodic images, and the prime symbolizes
that the term m = 0 should be omitted for i =j.

By superimposing each charged particle with a Gaussian charge distribu-
tion of width «~!/2 and of opposite sign, the total Coulomb interaction can be
reformulated according to [59, 64]
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where erfc denotes the complementary error function, k= (27/L)n with
n = (ny, ny, n;) being a box translation vector and ny, ny, and n, integer
numbers. The first term on the right-hand side of Eq. 20 denotes the interac-
tion among the charged particles (now screened) in the real space, the second
term the interaction among the compensating Gaussian charge distributions
expressed in the reciprocal space, and the third term a correction for the
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self-energy of the Gaussian charge distributions. In the last term of Eq. 20,
¢’ denotes the permittivity of the surrounding medium, and the expression
of this term depends on the summation order (here spherical) over the repli-
cas in the reciprocal space [120]. If the surrounding medium is conducting
(¢’ being infinite), this term vanishes. There are indications that the conduct-
ing condition is the preferred one for Coulomb [108,121] and dipolar [122]
systems.

Several algorithms for implementing the Ewald summation are available.
The straightforward approach of using a double loop for finding pairs of
interacting particles in the real space and a single particle loop in the re-
ciprocal space has a performance of O(N*/2) [123], whereas more complex
particle-mesh Ewald implementations [124, 125] display the weaker O(N In N)
dependence, where N is the number of particles. The crossover of these
two approaches depends on the particular system, the degree of optimiza-
tion of the code, and the hardware, but appears about 0(10%) for Coulomb
systems [126, 127]. More details, including other mesh methods and multi-
pole expansions, are found in the chapters by C. Holm and by J.J. Weis and
D. Levesque.

In the implementation of the Ewald summation according to Eq. 20, the
value of the potential energy is controlled by three parameters: «, the upper
limit of m (mcy), and the upper limit of 7 (n¢y). At equal truncation error in
the two spaces, the summation in the real space is often limited to interac-
tions involving only the nearest image (m = 0), and consequently a spherical
cutoff distance R¢yt < L/2 in the real space can be applied. Moreover, the
number of replicas in reciprocal space can be reduced by applying a spherical
cutoff of n according to |n| < ncyt.

Kolafa and Perram [128] have analyzed the truncation error of the Ewald
summation. Assuming uncorrelated positions beyond Ry, the statistical
error of the real-space term of Eq. 20 becomes, in our notation,

6Ureal Reut 172 2 2
~ RmIT1iZ - (xR , 21
aop Rl r(zp) (aRcm) exp [~ (@Reut)’] (21)

whereas the error in the reciprocal space becomes

dUrec ~ Ry Tz Meut ( oL )2 exp |:_ (n”cut>2i| 1+ 1 ’ (22)

NkT L \ 7nc al Oan(IZl/lf
where the first term after expanding the curly brackets denotes a system-
atic and configurationally independent error and the second term a statistical
error where uncorrelated positions beyond 7.y again have been assumed. By
assigning a largest tolerated error Jy,) of the real-space and reciprocal-space
terms, Ryt and neyr become an implicit function of 8, and « through Egs.
21 and 22. As we will shortly see, Surec < Sureal = Stol is Obtained, since Ryt
is as a continuous and ncyr a discontinuous variable. Finally, o is selected
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to minimize the overall computational load, and at this stage the condition
Reut < L/2 has to be checked.
This analysis can be simplified by noticing that

dUreal 1 2 2

- (xR , 23
NkT & (aRcut) oxp [~ (@Reu)'] )
SUrec al \? Tyt \ 2

- , 24
NkT & (nncut) exp[ ( al ) :| (24)

where (i) the two omitted prefactors are independent of & and only weakly de-
pendent on Ryt and ncyt, respectively, and (ii) the statistical error in Eq. 22 is
neglected. For realistic values of o and ny, we have 1/ (aLnil/lf) < 0.1. For ex-
ample, @ = 6/L and n¢y = 6 gives 1/(aLnil/lf) ~ 0.07. The assignment of equal
truncation errors in the two spaces and the definition s = «Rcyt = whcyt /oL

now lead to

d durec 1

Ii;lr:;l ~ NKT xf(s) = 2 exp (— 52) . (25)
Hence, the cutoff distance of the pair interactions in real space Rqy and the
cutoff in reciprocal space n¢y: become explicit functions of s (the variable now
controlling the accuracy) and « according to [65, 108]

S
Rt = (26)
o
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where in Eq. 27 [...] denotes a truncation to an integer number.

6.2.2
System Size Convergence

As was mentioned, the use of the Ewald summation implies an imposed pe-
riodic structure on the fluid under investigation. The effect of this imposed
periodicity is conventionally examined by performing simulations using dif-
ferent system sizes. It is conjectured that the effect of the periodicity on the
fluid properties should asymptotically vanish in the thermodynamic limit.

Such system size dependences have been investigated for Systems I-IV
employing systems containing Ny = 20, 40, and 80 macroions in the pri-
mary box using the Ewald summation with conducting boundary conditions.
Table 4 provides the potential energies and pressures, whereas Fig. 11 shows
the macroion-macroion RDF for System IV, the system displaying the largest
macroion structuring (Fig. 6a).

Despite extended simulations, the thermodynamic data in Table 6 show
hardly any significant system size dependence of the potential energy or the
pressure. Similarly, only very small effects on the macroion-macroion RDF
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Table6 Reduced energy and reduced pressure at different numbers of macroions Ny
using the Ewald summation with conducting boundary conditions®

System Nm U/NmkT pV/NkT
I 20 -0.7729(4) 0.820(1)
40 ~0.7719(4) 0.821(1)
80 ~0.7721(6) 0.821(2)
II 20 -13.2679(4) 0.234(4)
40 ~13.2668(4) 0.234(4)
80 ~13.2680(8) 0.219(7)
III 20 -30.293(2) -
40 -30.271(1) -
80 -30.274(2) -
v 20 -0.7994(2) 0.8115(5)
40 0.7996(2) 0.8115(4)
80 0.7996(3) 0.8113(6)

? Npass = 4 x 10° (N = 20), 2 x 10° (Ny = 40), and 5 x 10* (Ny; = 80)

can be seen in Fig. 11. With Ny = 20, the magnitude of the first maximum
is slightly exaggerated, whereas the RDF with Ny = 40 displays only minute
differences as compared to that with Ny = 80 for the distances that are in
common. Hence, even for systems containing macroions with 80 elemen-
tary charges and having an interacting energy > 500kT with neighboring
macroions positioned in the first coordination shell (r &~ 8Ry), the Ewald
summation with as few as Ny = 20 macroions provides results very close to
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= 1.0

= \,/

>

Ao
05 20 40 —
00 b ot v 00 1)
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Fig.11 Macroion-macroion radial distribution functions for System IV with Ny = 20
(dotted curve), Ny = 40 (dashed curve), and Ny = 80 (solid curve) macroions. The two ar-
rows indicate the ends of the calculated distribution functions for Ny = 20 and Ny = 40,
respectively. The thin solid line corresponds to a uniform distribution. Npass = 4 X 10°
(Nm = 20), 2 x 10° (Ny = 40), and 5 x 10* (N = 80)



144 P. Linse

the thermodynamic limit. Noticeably, the predicted structure up to L/2 is es-
sentially correct, although the spatial correlations have not yet decayed. The
common recommendation to select a system size, which is able to accommo-
date the longest correlation length of the system, can obviously be relaxed to
some extent.

In other words, the Ewald summation displays here a rapid system size
convergence, making simulations with a fairly limited number of particles
feasible. This is important for the examination of asymmetric electrolytes,
where each macroion is accompanied by a large number of counterions and
in particular when salt is added.

6.2.3
Summation Convergence

The role of the different parameters controlling the Ewald summation will
now be considered in more detail. A single equilibrium configuration of Sys-
tem IV with Ny = 80 macroions will be used, but the outcome does not criti-
cally depend on the choice of system or configuration. Values of the potential
energy for different truncations of the Ewald summation will be compared
with essentially the exact value, the latter obtained from an Ewald summation
with large values of Rcy and n¢y;.

6.2.3.1
Variable o at fixed R¢yt and n¢yt

As mentioned in Sect. 6.2.1 (cf. Eq. 20), the accuracy of the contributions from
the real and reciprocal spaces to the potential energy depends on « and Ryt
and on « and ncy, respectively. Figure 12 shows the absolute value of the dif-
ference between the reduced potential energy from the Ewald summation and
the exact one as a function of « for fixed Rcyt and ncy using an equilibrium
configuration (filled symbols) and a random one but avoiding hard-sphere
overlap (open symbols). The error estimates given by Egs. 21 and 22 are also
shown (curves).

An increasing error in the potential energy appears as « is reduced at
o< O.3R1‘\/I1 and as o is increased at o > O.3R1‘\/I1 (spheres). The first effect is
a consequence of the erfc(ar)/r function in the real-space term of Eq. 20,
which becomes more long-range as « is reduced, whereas the truncation error
at large « arises from the reciprocal-space term of Eq. 20 with the exp(- 1/a?)
dependence. At intermediate «, the truncation error displays a minimum
due to an accurate summation of both terms, the minimum appearing at
o ~ 0.3R;} and possessing a negligible error [0(1071°NkT)]. The size of the
error at the minimum is controlled by Rcyt and ngy: collectively.

The truncation errors for the equilibrium and random configurations
are similar in the real space and virtually identical in the reciprocal space,
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Fig.12 Absolute truncation error of the reduced potential energy from the Ewald sum-
mation as a function of o at Reye = 13.0RM and ¢y = 14 using an equilibrium (filled
spheres) and random (open spheres) configuration of System IV. For « > 0.38R;;, the sym-
bols for the equilibrium and random configurations are indistinguishable. Ny = 80 and
L = 32.224Ry;. The hard-sphere radii were retained when generating the random config-
uration. The corresponding estimated truncation errors of the real-space and reciprocal-
space terms of the reduced potential energy according to Egs. 21 and 22, respectively, are
also shown (solid curves)

demonstrating that the numerical errors are only weakly dependent on the
configuration. A slight irregularity of the real-space error for the equilib-
rium configuration (filled circles) appears at o ~ 0.2Ry], and at this value of
o the real-space error changes sign. This feature is attributed to the spatial
correlations among the particles, since the corresponding result for the ran-
dom configuration (open circles) is smooth and the real-space error does not
change sign. The almost perfect agreement in the reciprocal space is rational-
ized by the fact that the systematic and configurationally independent term
dominates over the configurationally dependent one.

Figure 12 also demonstrates a very good agreement between the analytic
error estimates (Egs. 21 and 22) and the numerical data over eight decades. In
the real space, the estimated error is overestimated up to a factor of 2, whereas
the estimated error in the reciprocal space agrees excellently with the nu-
merical data. Hence, these estimates accurately describe the actual truncation
errors, and the practical use of such estimates will now be discussed.

6.2.3.2
Reut and nqy as Dependent Variables

The perspective on the variables controlling the Ewald summation will now
be changed. The variables 8, and o will now be considered as the inde-
pendent ones with Rcy: and ncy: being the dependent ones through Egs. 21
and 22, or, in the simplified analysis, s and « are the independent variables
with Reyt and ney determined through Egs. 26 and 27.
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Figure 13 displays absolute values of the truncation error of the reduced
potential energy as a function of 8;,)/NkT at a fixed o and as a function
of @ at a fixed &, in both cases with R¢y and #ngy: determined through
Eqgs. 21 and 22 using an equilibrium configuration of System IV (spheres).
The real-space Syrea1/NKT and reciprocal-space Surec/NkT error estimates of
the potential energy given by Eqs. 21 and 22, respectively, are also shown in
Fig. 13 (solid curves). First, as has already been alluded to, Surec < dureal = Stol>
and hence the truncation error is larger in the real space than in the recip-
rocal one. Second, the observed truncation errors deviate normally at most
by a factor of 3 from ;). Occasionally, the observed error becomes smaller,
which appears when it changes sign, e.g., at 8,/ NkT = 5 x 10~* (Fig. 13a) and
o/R;f = 0.28 (Fig. 13b). Third, the observed errors do not display any system-
atic drift as « is changed (Fig. 13b).
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Fig. 13 Absolute truncation error of the reduced potential energy of the Ewald summa-
tion as a function of a the potential energy tolerance 8y,/NkT at o = 0‘3R1’\,11 and b o at
8ol /NKT = 2.5 x 107° with Rey and n1cy; evaluated using Egs. 21 and 21 and the same equi-
librium configuration of System IV as in Fig. 12 (symbols). The corresponding estimated
truncation errors of the real-space and reciprocal-space terms of the reduced potential
energy according to Eqgs. 21 and 22, respectively (solid curves), and the values of ngy are
also shown
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The corresponding data for the simplified error analysis are given in
Fig. 14, where 8,1/ NkT is replaced by f(s) = exp(s?)/s*. First, we notice that
OUreal/NkT and Syrec/NkT are essentially proportional to f(s) (nearly unit
and zero slope in Fig. 14a,b, respectively), confirming that the prefactors
omitted in Eqgs. 23 and 24 are only weakly dependent on Rcyt and #1¢yr. Sec-
ond, Surec ~ 108yreal, consistent with the numerical values of the prefactors.
Third, Fig. 14a shows that observed truncation errors (i) display a stepwise
behavior and follow closely Surec, consistent with Syrea; < durec, and (ii) on
a coarser scale are virtually proportional to f(s) with a prefactor of 0.4.
Fourth, Fig. 14b shows that the observed truncation error remains essentially
constant in the investigated « interval. The limit & = 0.2R;} corresponds to
(Reut> Meut) = (15RM, 7), whereas o = 0.4R;} to (Reut, ficut) = (6.67Rp, 13). The
serrated pattern appearing is also a consequence of the discrete changes of
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Fig. 14 Absolute truncation error of the reduced potential energy of the Ewald summa-
tion as a function of a f(s) = exp(s2)/s? ata = 0‘3R1’\,11 and b « at s = 3.0 from simulation
with Reyt and neyt evaluated according to Eqs. 26 and 27, respectively, and the same equi-
librium configuration of System IV as in Fig. 12 (symbols). The corresponding estimated
truncation errors of the real-space and reciprocal-space terms of the reduced potential
energy according to Eqgs. 21 and 22, respectively (solid curves), and the values of ng, are
also shown. In a, the function g(s) = 0.4f(s) is given (dotted line)
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ncut. Nevertheless, the observed truncation error displays only a very weak
systematic increase over the a-interval, the magnitude of the increase being
less than the irregularity originating from the discrete changes of n¢yt.

To summarize: (A) With the full error analysis durec < Syrear due to the dis-
crete variation of ncy;, whereas with the simplified analysis Syrea) < Surec due
to different values of omitted prefactors. (B) Typical ratios of the real-space
and reciprocal-space truncation errors are a factor of 5 for the full and 10 for
the simplified analysis. The ratios are comparable to (i) the relative discontin-
uous change in Syrec (a factor of 10) as ncyt — ncye £1 and (ii) the difference
between the error estimate and the actual truncation error (a factor of 5).
(C) The simplified error analysis (i) accurately describes the functional form
of the truncation error of the potential energy and (ii) predicts Ryt and ncys,
which provides an essentially constant truncation error as « is varied. From
(B) and (C) we conclude that the simplified error analysis provides the func-
tional form of the truncation error and Ry and ngye with constant (but yet
unknown) truncation error.

6.2.4
Optimization of Execution Time

It was shown in Figs. 13b and 14b that the accuracy of the Ewald summation
is essentially independent of « provided Ryt and ngy are selected accord-
ing to Egs. 21 and 22 or Egs. 26 and 27, respectively. However, the execution
time of the energy evaluations depends on «, and hence « could be selected
to minimize the execution time [129].

Figure 15 illustrates how the execution time of the energy evaluation f
and its decomposition in the time for the evaluations in the real t,., and re-
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0.20 0.25 0.30 0.35 0.40
a/Ru
Fig. 15 Execution time of the potential energy in the real space t.,), in the reciprocal
space trec, and their sum f as a function of o at s = 3.0 with R¢y and neye evaluated ac-

cording to Egs. 26 and 27 from short MC simulations of System IV. The values of ny are
also shown
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ciprocal frec spaces can depend on « at fixed s. A small  leads to a large
Ryt to maintain the required accuracy in the real-space term and ., be-
comes large due to a large number of particle pairs to be evaluated, whereas
a large o implies a large ncy: and trec becomes large due to the large num-
ber of n-vectors. Moreover, the computational load in the reciprocal space
varies in a stepwise pattern as proposed by Eq. 27, and the relevant values
of ncy are displayed in Fig. 15. The total time t;; displays a weak minimum
at o ~ 0.30 - 0.35Ry;, although a marked serrated pattern obtained from the
stepwise behavior of t is visible.

The shallowness and serrated behavior of #,t make extensive optimization
unnecessary. The precise location of this minimum depends on the relative
computation times for the potential energy evaluations in the real and recip-
rocal spaces. These computation times can depend substantially on (i) the
algorithms employed (type of neighbor list, direct or tabulated energy evalua-
tion in the real space, implementation of the evaluation of the reciprocal term,
single or parallel computation, etc.) and (ii) the architecture of the computer
used (CPU computation speed, cache sizes, memory bandwidth, etc.), mak-
ing such an optimization useful when changing code, compiler, or computer
hardware.

6.2.5
Practical Guidelines

It has been shown that the Ewald summation is an excellent tool for handling
Coulomb interactions in highly asymmetric electrolytes. In particular, (i) the
system size convergence, (ii) the truncation error, and (iii) the selection of «
for optimization of the CPU time have been discussed. In practice, issues (i)
and (ii) are interrelated; values of Rcy: and ngy for a given truncation error
depend on system size and simulation results with controlled uncertainties
are required to assess the system size dependence.

In practice, when considering a new system the following protocol is rec-
ommended:

(A) Select an acceptable truncation error 8y, (or s) of the Ewald summa-
tion. Typically, a truncation error of 10~>-1072 times the expected statistical
precision of the potential energy is satisfactory.

(B) Select an initial system size, which at this stage could be fairly small.
An assessment that the system size is sufficiently large will be made later.

(C) Determine Ryt and ngy: using the selected &) (or s) and an initial
value of o. The determination of the optimal value of o will be made later.
Equilibrate and perform a production simulation.

(D) Increase the system size, determine new Rcyt and ngy: using the se-
lected &1 (or s) and a reasonable value of «, and equilibrate and perform
a production simulation.
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(E) Compare results for the different system sizes. If the effects of the finite
system size are not acceptable, return to (D).

(F) Determine the optimal « by performing several short simulations start-
ing from an equilibrated configuration and using different values «.

(G) Check the truncation error for the selected «, Rcyt, and ngye against
a well-converged Ewald summation for one or some equilibrated config-
urations. If the actual truncation error is not acceptable, decrease &
(or increase s) and return to (B).

Finally, it has been stressed that « should be considered as an independent
variable with R¢y: and n¢y as dependent ones. However, sometimes it is more
convenient to consider Ry as an independent variable with o and 7y as the
two dependent ones. That might physically be more intuitive and makes it
easy to control that Rc,: does not exceed L/2. Special considerations should,
however, be made if Ryt also controls the cutoff of other non-Coulomb inter-
action terms.

6.3
Trial Displacements

Numerical averages calculated from simulations of finite lengths are sub-
jected to statistical uncertainties. In this section, the focus will be on how
the selection of trial displacements affects the precision (accuracy) of the
mean values obtained from MC simulations (of finite lengths). After a gen-
eral introduction, the single-particle displacement protocol will be examined,
and thereafter two enhanced displacement procedures enabling simulation of
highly coupled asymmetric electrolytes will be reviewed.

6.3.1
General

In practical use, the Metropolis MC method [64, 66, 130] provides successive
configurations that are correlated. The statistical uncertainty of a property
determined from Metropolis MC simulations depends both on (i) the length
of the simulation, i.e., the number of configurations, and (ii) the correlation
among the configurations. Consequently, the precision of a property can be
improved by making the simulation longer and/or reducing the correlation
between successive configurations. Appropriate selection of type and size of
trial displacement can drastically reduce the correlation. In the simplest type
of trial displacement, a single particle is moved at a time, implying that two
successive configurations differ only by the position of one particle.

The effect of the correlation between successive configurations on a given
property is conventionally expressed as a statistical efficiency [64] or by
a closely related autocorrelation “time” of that property [64, 66]. The pre-
cision of different properties is affected differently by the correlation and
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hence has different statistical efficiency and autocorrelation time. Generally,
the potential energy converges relatively fast, whereas properties depending
on collective structural rearrangements converge slowly.

NB: If the relevant part of the configurational space is not fully spanned,
a statistical analysis may lead to a seemingly accurate determination of the
mean value of a property. Nevertheless, the mean value could be erroneous. In
those cases, the bottleneck of the mobility in the configurational space needs to
be analyzed, and the transitions through this bottleneck have to be improved.

Simulations of solutions containing particles with strong electrostatic
coupling, like highly charged colloids with counterions or solutions of macro-
molecules with opposite charges, are particularly challenging. In such sys-
tems, particles of opposite charge are spatially close to each other, which
reduces the ability to create a new configuration that substantially differs from
the previous one. In particular, with single-particle trial displacements, suc-
cessive configurations become highly correlated.

In simulations of charged colloids using the primitive model of elec-
trolytes, the small magnitude of the accumulated (total) macroion displace-
ment constitutes a problem [103]. Therefore, an examination of the macroion
root-mean-square (rms) displacement per MC pass, <A r%,l)l/ 2 is particularly
useful to (i) determine the optimal values of the parameters controlling the
trial moves and (ii) compare the performance of different trial displacement
procedures. A practical condition for an acceptable simulation of fluids is that
the total macroion displacement should, at least, amount to the macroion spa-
tial correlation length. For not too small Npass, <Ar§4>1/2 grows as Nfl)égs [109].

The performance of the different displacement procedures will be illus-
trated by using Systems I-IV with a primary simulation box containing
Ny = 20 macroions and simulations comprising Npass = 10* passes. This sys-
tem size is sufficient for the present purpose.

6.3.2
Single-particle displacement

The conventional Metropolis MC procedure involves attempts to select indi-
vidual particles subjected to trial displacements in a random fashion. Typ-
ically, a trial move involves translational displacements in the x-, y-, and
z-directions of one particle with displacement lengths uniformly sampled
from [- A/2, A/2]. This makes the underlying matrix of selecting configura-
tions symmetric (equal probabilities of selecting the forward and backward
transitions) [64]. The trial move is accepted with the probability

Pycc = minf1, €XP[— (Unew - Uold)/kT]} > (28)

where Upew and Ugq are the potential energies of the new and old configu-
rations, respectively. The choice of a symmetric underlying matrix and the
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acceptance probability given by Eq. 28 makes the detailed-balance condition
fulfilled.

As mentioned, the translation displacement parameter A affects the statis-
tical efficiency of simulated properties, and it is normally selected differently
for different types of particles. For our asymmetric electrolyte, denote the
macroion and small-ion displacement parameters by Ay and Aj, respec-
tively. Due to the extensive accumulation of counterions near macroions,
the approach with single-particle trial moves leads to a very restricted total
macroion displacement and hence to poor statistics [103]. When a hard-core
overlap is encountered, i.e., 7 < R; + Rj, Upew becomes formally infinite (Eq. 1)

?s (ArIZ\A)l/Z for a broad range of

A1, making it only necessary to examine how <Ar§,[)l/ 2 depends on Ay for
optimizing the trial displacements.

Figure 16 displays the acceptance ratio (fraction of accepted macroion trial
moves) and <Ar§,[>l/ ? for macroion trial displacements with Ay ranging from
10"4Ry; to 10Ry. Generally, at small Ay the acceptance ratio tends to unity,
whereas as Ay is increased the acceptance ratio is reduced (Fig. 16a). The
conventional rule of thumb, albeit with limited theoretical support, is to select
a displacement parameter giving an acceptance ratio of & 0.5 (dotted line).
Using this criterion, the optimal macroion displacement parameter becomes
Am ~ 2Ry (System I), Aym =~ 0.2Ry (System IV), and Ay ~ 0.005RyM (Sys-
tems II and III). The 400-fold variation of optimal values of Ay demonstrates
that the selection of Ay could be crucial.

The corresponding macroion rms displacement depends linearly on Ay at
small Ay (Fig. 16b). In the limit where all trial displacements are accepted,
(Arfvj)l/ 2 - Apm/2 (dotted line), and indeed this limit is reached at sufficiently

small Ay. For sufficiently dense systems, we expect (ArIZ\A)l/ % to decrease at
large Ay due to frequent hard-sphere overlaps. For three of the four systems,
such a maximum in (Arfw)l/ ? is observed for the Ay interval investigated. The
maximum in <Ar§4)1/2 appears at Ay ~ Ry (System IV) and Ay ~ 0.02Ry
(Systems II and III). For Systems II-IV, the optimal Ay value (i) gives an
acceptance ratio of ~ 0.1 and (ii) is fourfold larger than those giving a 0.5
acceptance ratio.

For Systems I and IV, the magnitude of the maximal <Ar§4)l/ 2 > 0.1Ry. For
a simulation involving Npass = 5 X 10* passes (cf. Sect. 4.3), the total macroion
rms displacement becomes > 20Ry;, being much longer than the macroion
correlation length (cf. Fig. 6a). However, for Systems II and III, the maximal
(Arfw)l/ 2 s ~ 0.001Ry;, which, with the same simulation length, gives a total
macroion rms displacement of 0.2Ry;, obviously completely insufficient. To
obtain a total macroion rms displacement of 10Ry;, 2500 times longer simu-
lation would be required.

and P,.. becomes zero. Most often <Ar12)1
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Fig. 16 a Macroion acceptance ratio and b macroion root-mean-square displacement per
MC pass as a function of the macroion displacement parameter for indicated systems
from simulations with single-particle trial moves. In a, the acceptance ratio equal to 0.5,
and in b, the relation (Arﬁ)l/z = Am/2 are given (dotted lines). N\ = 20 and Npass = 10*

Figure 4 shows that the accumulation of counterions near macroions is
much more prominent in Systems II and III as compared to the other two sys-
tems. The counterion densities at contact pigmi(Rm) are 0.021, 7.0, 9.2, and
0.15R;; for Systems I-IV, respectively. Hence, the systems can be ordered with
increasing density at contact according to I « IV « II < III, the sequence
correlating excellently with the displacement analysis. Hence, this density an-
alysis supports the view that the rejection of the macroion trial displacement
originates from the large amount of nearby counterions.

6.3.3
Cluster Displacement

There is obviously a need to use more-advanced displacement procedures
when a strong macroion-counterion coupling is present. The simulation ef-
ficiency can be improved dramatically by applying a displacement procedure
where strongly coupled particles are displaced simultaneously, referred to
here as a cluster move. Such ideas have been applied to MC simulations of
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electrostatically coupled systems [60] and appeared elsewhere (see [65] for
a review and further references).

In the present context, a cluster is composed of a central macroion and
neighboring small ions. Small ions located within the distance R from the
macroion center will belong to the cluster with a probability p <1 [109]. The
trial move of the whole cluster as one entity is accepted with the probability

Pycc = min(1, (1 _Pcl)nnew_ndd eXP[— (Unew - Uold)/kT]} > (29)

where npey and ngq are the numbers of particles inside the cluster volume
after and before the trial move, respectively, and Upew and Ug)q have the same
meaning as in Eq. 28. Again assuming a symmetric underlying transition ma-
trix, the additional factor prior to the Boltzmann weight in the expression of
the acceptance probability (cf. Eqs. 28 and 29) preserves the detailed-balance
condition [60]. The cluster displacement procedure is further illustrated in
Fig. 17. Typically, a cluster move is performed when a macroion is selected,
whereas a conventional single-particle displacement is made when a small ion
is chosen. The efficiency of the cluster displacement algorithm depends on
(i) the small-ion inclusion probability p, (ii) the cluster radius R, and (iii)
the cluster displacement parameter A . The optimal value of p for highly
charged macroions was found to be very close to unity [109]. To simplify the
analysis, pq = 1 will be used in the following discussion.

Figure 18 displays the acceptance ratio and <Ar§4>1/ ? for cluster trial moves
as a function of A for System II with R as a parameter from Ry to 2Ry.
The lower limit R = Ry implies that no small ions are in the cluster, and
thus it corresponds exactly to single-macroion displacements. For a given

Fig.17 Schematic illustration of a cluster trial move showing the location of a macroion
(large filled circles) and counterions (small circles) a before and b after the cluster trial
move. Counterions moved together with the macroion are denoted by filled circles, those
within R before the move but not moved by open circles, and new ions within R after
the move by shaded circles. In this example, fipew = 7, nolg =7, and #ipew — ol = 0
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Fig. 18 a Macroion acceptance ratio and b macroion root-mean-square displacement per
MC pass as a function of the cluster displacement parameter for System II from simula-
tions with cluster trial moves using p. = 1.0 and indicated cluster radii Ry in Ry units.
At R = Ry the single-particle move is recovered. In a, the acceptance ratio equal to 0.5,
and in b, the relation (Arﬁ,[)l/z = Am/2 are given (dotted lines). Ny = 20 and Npqgs = 10*

Ry, both the acceptance ratio and the macroion rms displacement display
a dependence on the displacement parameter that is similar to that for single-
macroion trial moves. More importantly, however, the acceptance ratio and
the macroion rms displacement increase continuously as R is increased. The
dependence is dramatic when R is near Ry and levels off at larger R. For
example, <Ar§,[)l/ ? increases 100-fold, corresponding to a 10%-fold increase in
performance, when the cluster displacement is applied with Ry = 1.5Ry at
optimal A, (2-5Ry) as compared to single-macroion trial moves at its op-
timal Ay (& 0.01Ry). When defining the simulation efficiency as <Ar§,[)l/ 2
per CPU time, the improvement becomes somewhat smaller due to the larger
number of particle pairs to be considered for the many-particle displace-
ment. For example, if Z; counterions belong to a cluster (an upper limit), the
increase in the total CPU time per MC pass is twofold, since the computa-
tional load of moving all macroions once increases approximately from 1/Z;
to Zy(1/Z;) =1 relative to the load of moving all small ions once. Nevertheless,
the increase in efficiency is remarkable.
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In the case of System III, the improvement is even larger. With the clus-
ter radius R = 1.2Ry and A = 5Ry;, the macroion rms displacement be-
comes (Arfw)l/ >~ Ry as compared to A2 0.001Ry at optimal conditions with
the single-macroion trial move (the latter was shown in Fig. 16), resulting
in a 10°-fold increase in performance. By contrast, in the case of Systems I
and IV, the macroion acceptance ratio and the rms displacement are only
marginally affected by R in the interval Ry to 2Rum.

Features of the cluster displacement approach are further illustrated in
Fig. 19, displaying acceptance ratio, macroion rms displacement, and num-
ber of cluster members as a function of the electrostatic coupling parameter
Ir at Z, = 80 using the cluster displacement parameter A = Ry at differ-
ent cluster radii Ry. At an electrostatic coupling below I7; ~ 0.03, cluster
trial moves are slightly inferior to single-macroion trial moves (smaller ac-

ceptance ratio and smaller (Arfw)l/ 2, see Fig. 19a and b, respectively). As the
electrostatic coupling increases with the concomitant accumulation of small
ions near the macroion, single-macroion trial moves rapidly deteriorate (see
curves labeled “1.0” in Fig. 19a and b). However, by using the cluster displace-
ment procedure and a cluster radius R, ~ 1.5Ry, both the acceptance ratio

and <Ar§4)l/ ? remain at high levels. There is a noticeable increase in both the

acceptance ratio and (Arﬁ)l/ 2 as Iy is increased at sufficiently large I71; hence
the cluster displacement procedure becomes more efficient as the electrostatic
coupling is raised. Consequently, there is an intermediate electrostatic coup-
ling where the performance is least efficient but still highly satisfactory if R
is selected not too small. Figure 19c shows that the number of cluster mem-
bers (including the macroion) N¢jyster increases continuously as /7 and R
are increased (with the obvious exception for R, = Ry when it stays at unity).
At I71 = 0.0222, N uster < 10, whereas at 177 = 0.7715, ca. 70 of the 80 coun-
terions of one macroion are in a shell with thickness 0.2Rp; at the macroion
surface, the latter fact explaining the small sensitivity of (Ar%,l)l/ 2 on Ry ap-
pearing for Ry > 1.2Ry; at large I7;.

To conclude, the strong accumulation of counterions near the macroion,
being the origin of the failure of single-macroion trial moves, is actually the
key feature for the success of cluster trial moves. As more counterions are
accumulated near a macroion, fewer of them are left in the region between
macroions. Hence, even with large cluster displacements, the probability of
hard-core overlap is small, facilitating a large total macroion displacement in
the configurational space.

Finally, the present comparison has been made for salt-free systems. It
should be mentioned that the performance of single-macroion trial moves is
essentially salt independent, whereas the performance of cluster trial moves
deteriorates upon addition of salt, making the difference in their perfor-
mances smaller. Nevertheless, the cluster displacement procedure is advanta-
geous up to considerable salt concentrations. A promising method to improve
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Fig. 19 a Macroion acceptance ratio, b macroion root-mean-square displacement per MC
pass, and ¢ number of counterions in a cluster as a function of the electrostatic coup-
ling parameter Iy at Ag = Ry and indicated radii Ry in Ry units using Z, = 80 and
¢m = 0.01. I71 = 0.0445 corresponds to System IV and I = 0.3558 to System II. Ny = 20

and Npass = 10*

such simulations with salt is to invert through the point rg + dr/2 the pos-
itions of a macroion and its nearest counterions in a sphere S centered at r;
and the positions of the particles in another sphere S’ centered at r; + dr
and of the same volume as S. Hence, the contents of spheres S and S’ are
exchanged (when they are nonoverlapping).
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6.3.4
Second-level Cluster Displacement

We have seen that at high electrostatic coupling macroions with nearby coun-
terions (referred to as dressed macroions) form aggregates (Fig. 6a), eventu-
ally leading to a phase separation (Fig. 2). The mobility of dressed macroions
in such aggregates is very low, even with optimized cluster trial moves. Be-
sides hard-core overlap with nearby dressed macroions, it is energetically
unfavorable to displace a macroion M away from another macroion M’, with
which macroion M shares dressed counterions.

At such conditions, the total macroion displacement may be improved
by using a second-level cluster displacement procedure. In this approach,
a simultaneous trial displacement of all dressed macroions forming an aggre-
gate (Fig. 20) is performed. Again it is convenient to use a distance criterion
for determining the macroions belonging to the same aggregate. In this ap-
proach, a mixture of trial moves involving (i) aggregates composed of dressed
macroions, (ii) individual dressed macroions, and (iii) individual small ions
should be employed.

The performance of joint displacement of several macroions with their
counterion dresses has not yet been investigated systematically. However, it
has been used to examine the location of the gas-liquid binodal curve of
asymmetric electrolyte solutions [22]. Figure 21 shows three snapshots from

(a) Ral

Fig.20 Schematic illustration of a cluster move of the second level involving a joint
displacement of an aggregate composed of macroions and the small ions near these
macroions a before and b after the cluster trial move. Here, three macroions (large filled
circles) and the small ions (small filled circles) within the distance R from the macroions
form an aggregate subjected to the trial move
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Fig.21 Snapshots showing the equilibration from an initially homogeneous and unsta-
ble configuration where the second level of cluster displacement is used. Ny = 20 and the
snapshots are separated by Npass = 5 x 10° passes. Z; = 40, ¢m = 0.01, and 71 = 1.940

the equilibration of an initially homogeneous but unstable solution. After
5x 10° passes, the initial solution forms two aggregates and one nonaggre-
gated macroion, and then one single aggregate is found. Hence, the final
state suggests that a large aggregate is in equilibrium with a very dilute
solution, corresponding to a gas-liquid phase separation in the thermody-
namic limit. The approach to the equilibrium state is strongly enhanced by
allowing displacements of dimers, trimers, etc. of dressed macroions as sin-
gle entities. With the use of a geometrical criterion and p. = 1, the actual
merging/division of aggregates is achieved by cluster trial moves involving
one macroion and counterions only.
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Abstract The physical properties, based on simulation results, of model fluids and solids
bearing an electric or magnetic point dipole moment are described. Comparison is made
with experimental data on ferrofluids and electro- or magneto-rheological fluids. The
qualitative agreement between experiment and simulation shows the interest of these
simple models for the comprehension of physical systems where the dipolar interaction

dominates.
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CMM cell multipole method
DHS dipolar hard spheres
DSS  dipolar soft spheres
ER electrorheological
FFT  fast Fourier transform
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FMM fast multipole method

GB Gay-Berne

HS hard spheres

LC liquid crystal

LEBC Lees-Edwards boundary conditions
L] Lennard-Jones

MC  Monte Carlo

MD  molecular dynamics

MMM M body method

MR  magnetorheological

PME particle-mesh Ewald

P3M  particle-particle particle-mesh
Q2D  quasi two-dimensional

SPME smooth particle-mesh Ewald
TEM transmission electron microscopy
b.c.  boundary conditions

l-g liquid-gas

Introduction

The systems of dipolar particles considered in this review are simple models
for fluids or solids whose molecules bear a permanent dipole moment. They
can also serve as credible models for suspensions like ferrofluids [1] or elec-
tro(magneto)rheological fluids [2, 3]. For spherically symmetric dipolar par-
ticles the interaction between a pair of particles separated by a distance r;;
and bearing dipole moments p; and u; is given by

1 P rip)(j - 7ij)
v(rijs Wis 1) = Ver (1) + - PSR
i g

(1)

where v, (r) is an isotropic short-range potential mostly taken to be a hard
sphere potential of diameter o, a soft sphere potential 4¢(o/r)!? or a Lennard-
Jones potential 4¢[(o/r)'? - (o/7)%]; rij = rj — r; is the vector joining the cen-
tres of mass of the particles. The cases p =3 and p =2 correspond to dipo-
lar interactions satisfying three-dimensional (3D) and two-dimensional (2D)
electrostatics, respectively. Two-dimensional systems where the particle cen-
tres lie in a plane but the dipole moments can rotate in full 3D space will
be referred to as Q2D systems. For molecular systems, as for instance liquid
crystals, the short range potential v, will also depend on the relative orien-
tations of the two molecules. The study of these systems has been developed
to determine the diversity of phase diagrams generated by the sole associa-
tion of excluded volume effects and dipolar interactions. While a gas phase
is always present at high temperature, different phases, liquid, solid, liquid-
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crystal, ferroelectric or polymer-like, can occur at low temperature or high
density. The standard liquid state theories [4] can account quantitatively for
the high temperature fluid phases, but only numerical simulations are capable
of giving reliable results for the appearance and nature of the phases which
exist when the temperature is lowered or the density increased. In view of
the vast amount of literature devoted to the properties of dipolar fluids and
solids and their suspensions, we shall limit this review to simulation results,
mainly obtained after 1995, focusing on qualitative aspects. For reasons of
space limitations no comparison with theoretical developments is included
but, when possible, experimental observations are mentioned to emphasize
the motivation of the simulations and the effects searched for, as well as to
judge the relevance of the models used. Complementary reviews of simple
dipolar systems are given in [5, 6] (also contains theoretical aspects) and [7]
(Q2D dipolar systems) and for ER fluids in [8, 9] (ER fluids prior to 1996).

Throughout the review we will use reduced units which differ according
to whether the short range potential is strictly of a hard core or soft core
type with or without dispersion forces (soft core or L] interaction). For hard
core potentials a thermodynamic state is characterized by the reduced dens-
ity p* = No3 /V (N number of particles, V volume, o characteristic length of
the hard core) and a reduced dipole moment u* = (u?/0kT W2 (u dipole
moment, T temperature, k Boltzmann constant), or a reduced temperature
T* = 1/*2. For soft core potentials, a state is defined by the reduced density
p* = No?/V, the reduced temperature T* = kT /¢ and the reduced dipole mo-
ment pu* = (u?/ 0'38)1/ ? where o and ¢ are the parameters defining the range
and the strength of the short range potential. It is also convenient to define the
dimensionless coupling parameter A = u*? or the related parameter A = 2,
the ratio of the energy of two aligned dipoles at close contact to the thermal
energy.

When dealing with simple dipolar systems we will take 4weg =1 (g9 per-
mittivity of vacuum); SI units will be used in Sect. 5 on ER or MR fluids.

2
Methods

The standard way to overcome the surface effects which result from the fi-
nite size of systems studied in numerical simulations is the use of periodic
boundary conditions. With this requirement, systems of 1000-10 000 particles
interacting by potentials having a range of the order of a few particle diam-
eters are sufficient to perform simulations where the bias on the computation
data, induced by the finite size effects is at an acceptable level of ~ 1%. How-
ever, when the interactions between the particles are of Coulombic and/or
dipolar types, their long range cannot be neglected because it is at the origin
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of their main specific physical properties, screening and dielectric phenom-
ena.

There are two methods, which give equivalent results, for making the pe-
riodic boundary conditions compatible with the conservation of the physical
properties of Coulombic and dielectric systems. In one of these methods, the
potential between charges is the potential obtained by solving the Poisson
equation for a point charge in a volume, with periodic boundary conditions,
identical to that considered in the simulations. However, since in a finite vol-
ume, a solution of the Poisson equation exists only for a neutral system, it is
convenient to associate with the point charge a uniform neutralizing back-
ground filling the system volume. This background contributes explicitly to
the energy of a system of N charges gj (j =1, ..., N) only when Zj gj # 0.
Thus, the potential at point r of a parallelepipedic simulation cell of volume
V, defined by the basis vectors t;, t;, and t3, containing a neutral system of N
charges is given by [10]

N
4 1 .
o) ="0 2 o D i exp (G- (r- ). )

G#0 j=1

where r;j is the position of the charge j. The reciprocal space vectors G are
equal to 27 ("t)™! - n, n being a vector with integer components 7y, 1, and n;,
ranging from - 0o to + 0o and (*t)7! is the inverse of the transpose of the 3 x 3
matrix £, the 3 columns of which are equal to t;, £, and 3.

In the other method, the space is considered filled with an infinite lattice
of replicas of the system charges. Considering that the system is neutral and
that the charges and those in the replicas interact by the Coulomb potential,
it is easy to write the formal expression of the total Coulomb energy:

Igny~ 44
EC_ZZ:Z|rij+t-n| ®)
=1 n
where the prime indicates that, when n =0, i must be different from j. The
energy of a system of N dipolar particles with dipole moment u; can be de-
rived from the previous expression of E¢ for systems with periodic boundary
conditions by substituting the charges g; with the operators - u;.V;

N
1 , 1
E= E:E: P 4
5 |Tij+t-n|3|:ul I’y (4)

ij=1 n
3 wi-(rij+t-n) p;-(rij+t-n)
|rij + t-n|?
As has been extensively discussed in the literature, these expressions are con-

ditionally convergent series and appropriate procedures have been developed
to guarantee their physically correct evaluations [11-15]. Different, though
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equivalent, expressions of the Coulomb or dipolar energy can result from
these procedures, the well known Ewald sum [11] and the so-called Lekner
sum [12, 16]. The evaluation of E can be made by either performing the Ewald
or Lekner sums directly in Eq. 4 or by first making the sums in the Coulomb
energy (Eq. 3) and applying the operators — u;.V;

In the following we will give a summary of the energy expressions obtained
by the Ewald and Lekner summation methods, for 3D and 2D point dipolar
systems periodic in all spatial directions or periodic in only some directions
and finite in the others. The energies obtained with the Lekner summation are
often quite lengthy and will be omitted when available in the original papers.

3D Systems

Periodic Boundary Conditions
The Ewald expression for the energy of a fully periodic 3D system of N dipo-
lar particles with dipole moments pu; is given by [11]

ZZ ot P[ui-ujB(amjﬂ-nn (5)
y

1]1 n
wi-(rij+t-n) p;-(rij+t-n)

-3 Cla|rii+t-n
|r,-j+t-n|2 (alry D]

N
27 _ 2 /ae?) (i * G) (- G) .
+ v E E e 0/t exp (iG - 1)

2
ij=1 G#0 G
203 5
- PN
W T

where « is the parameter regulating the relative convergence of the sums in
direct r- and reciprocal k-space and B(r) and C(r) are defined by

B(r) = erfc(ar) + f}xj: exp(- o?r?) ©
and
C(r) = erfc(ar) + 3{; exp(- a? )(1 + 3a2r2) )

with erfc(x) the complementary error function.
The Lekner expression for the energy for a 3D Coulomb periodic system
has been computed in [17]; that for a 3D dipolar periodic system in an ortho-
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rhombic simulation cell follows
=
E =, Z R(xij, yij> zij) + S(xijs yij» 2ij) + T(xijs Yijs Zij)
i#=1
+ Ulxij, yijs 2ij) + V(yijs zij) + W(pij, zij) + Eselr
where E is the constant contribution of the dipole self-energy.
The different functions R(xij, yij» zij), S(yij» zij) ... are given by

%4 .
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R(xij» yij» zij) = 13 > i+ pipg)e il
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x 1 70,11y,
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Y ny,ng
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x sin(27rnyyii/Ly)

8)

)

where K, are the modified Bessel functions of second type and 'r?-y " isa 2D
vector of the yz plane with components (y;; + nyLy)/Ly and (z;; + n;L;)/Ly .
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The sum on 7, can be performed explicitly in W(yj;, z;;) with the help of the
relation

ZeiZHnyyij/Lye—Zn|ny||zij+nZLZ|/Ly (10)
ny

3 sinh(27|zj; + n,L.|/Ly)

a cosh(2r|z; + n;L;|/Ly) - cos(2my;j/Ly) -

The preceding Ewald energy expressions have been written in a form corres-
ponding to the so-called tin foil boundary condition which supposes, when
the summation of the pair interactions is performed, that, on a macroscopic
scale, the system and its replicas are surrounded by a conducting medium.
If the latter medium is a dielectric with a dielectric constant &, it will be
polarized by the total dipole moment M = ) u; of the dipolar particles and
a novel shape dependent contribution Ep resulting from this polarization ef-
fect should be added to E [18]:

2 5

T Qe+ 1)V (1)

Ep

Hypersphere

The use of periodic boundary conditions is not the only way to remove sur-
face effects in finite charged or dipolar systems. An alternative is to use for
the simulation volume the 3D surface S3 of a four-dimensional (4D) sphere
(hypersphere) which has no boundary [19-21]. The specific physical proper-
ties of the charged systems are preserved if the charges interact by a potential
solution of the Poisson equation which for §3 is

A5, V(M, M) = - 4 g; { 8s, (M, M;) - 2n1R3 } (12)
where Ag, denotes the Laplacian operator and §s, the Dirac distribution in Ss.
The origin of the coordinates is taken at the centre of the 4D sphere. M and
M; are the locations of any point and the charge g; in S3 and R is the radius
of the 4D sphere. Similarly to the case of the finite 3D system, a term repre-
senting a charged uniform background of total charge opposite to that of the
point charge has been introduced in order to maintain neutrality. The main
advantage of considering charge systems in S; is the fact that the solution
of the Poisson equation has a closed analytical form, leading to a potential
¢s,(Xi, X;j) between two charges q; and gj located at X; and X (X; and X; are
4D vectors specifying the positions M; and M; of the charges), respectively,
given by [19]

q9iqj

¢s5(Xi, Xj) = sy (Yi5) = R

{(n ~ ) cot Y - ;} (13)

where ¥;; = acos(X;; -Xj/RZ).



170 J.-J. Weis - D. Levesque

Substituting — u; - Vx, for q;, where u; is a 4D vector tangent to the surface
of the 4D hypersphere at X; having a modulus equal to the dipole moment y;
of particle i, the dipole-dipole potential gives [20-22]

1 N 1 N
E=, Z¢Sg,dd(xi)Xj) = Zd)sa,dd(lﬁij) (14)
i7] i#j
_1 i 1 {2 (i -X;) (uj - X)
24 TR R sint gy
N (i - X5) (wj - X3)
+f(‘p1]) |:IL1‘[L]+3C051/IZJ R2 sin? Vi ] }
with
BN R
f(ij) = sin v (COtl/Il] o wﬁ) ) (15)

How to sample uniformly a point M on the surface of a hypersphere and how
to make a trial displacement of a dipole is explained in the Appendix of [22].
The orientational order of dipoles can be described by expanding the two-
particle pair correlation function on a complete set of rotational invariants in
4D space. The first projections are:

%0 (1,2) = 1 (16)
#1°(1,2) =510,
M2 (1,2) = 3(s51 © t12(1))(s2 O 112(2)) - 51 O 52

where s; = /||, © denotes the scalar product in S3 and #;2(1) is a unit
vector tangent to the geodesic M; M, at M; and oriented from M; towards M.
In terms of the scalar products in 4D space, Egs. 16 can be expressed
as [20]
1 S1 'X2 $2 -X1

110
1,2)=s1-55 - 17
(LY =s-5 1+cosyin R R (17)

and
2+ cosyip s1-Xo 550X

112
1,2)=-51-85 - .
¢ (1,2) 1°52 sin? Y115 R R

(18)
The knowledge of ¢!'® and ¢!!? are sufficient to determine the thermody-
namic and dielectric properties of the system. Thus, the energy of a pair of
particles is given by [20]

bs5,dd(V12) =l;;l£§ [f(y12) (26'1°(1,2) - 92 (1,2)) (19)

= 2(1 + cos ¥r12)(¢'1°(1,2) + ¢'% (1,2)) ]
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The dielectric constant corresponding to the dipole-dipole internal energy
(Eq. 14) is related to fluctuations of the total dipole moment of the system
M=}, p;by

4 e-1

(M) = ) (20)

3V €
Unfortunately, Eq. 20 is of limited practical use since, at high dipole moments,
the value of ¢ depends sensitively on the statistical error on (M?). Other ex-
pressions for the dielectric constant can be derived by considering an internal
energy of the form [20]

47
EM =FE+2x(0-2)  (M? 21
( )3V< ) (21)

where E is given by Eq. 14. The additional term does not modify the structural
and thermodynamic properties of the system in the thermodynamic limit but
affects the fluctuations of the total dipole moment yielding for the expression
of the dielectric constant
4 M2 = e-1
3V( )= 1+ (A-1)2(-1)
_(e-1)@2 +1)
- 2¢' +¢

(22)

where the second expression is obtained from the substitution (A - 1) =
1/(2¢’ + 1). In this form the relation between & and (M?) is formally identical
to that of a periodic system with a dielectric medium &’ surrounding a large
sphere representing a periodic replica of a 3D simulation cell. In [23] Caillol
notes that strong size effects affect the thermodynamic, structural and dielec-
tric properties with the choice ¢’ # 0 and rather recommends the use of ¢’ =0
(A = 0). The drawback of Eq. 20 can be circumvented by relating the dielec-
tric constant to the dipole moment fluctuation (m?(y)) in a subvolume of the
system [23]

4
2 -
(m*(y)) = 3V<Z WipiO (Y — Wij)> (23)
)
where 6 is the Heaviside function. A convenient choice is ¥ = /2 in which

case
5 _e-1 2 (e-1)?

() = 3 3w 3
where for large values of ¢, the r.h.s. of Eq. 24 is linear in ¢.

The hypersphere method, as discussed below, is a very efficient way to
sample the configurations of charged or dipolar particles, in particular, be-
cause the pair potentials have a closed analytical expression. It was demon-
strated to give results identical to those obtained by using the Ewald pro-
cedure. The method is certainly an eloquent illustration of the equivalence

(24)
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between simulations of Coulombic and dipolar systems of finite size when
the interactions are properly derived in agreement with the Poisson equation
solved for the considered geometry of the simulation cell.

3D Systems with 2D Periodicity
The previous expressions of the energy allow us to perform simulations of
periodic dielectric systems on a physically sound basis. They need to be
modified for 3D systems of finite extension in one direction and periodic
boundary conditions in the two other directions (slab geometry). This ques-
tion has been studied for both charged and dipolar systems [24-36]. Similarly
to the case of 3D fully periodic systems, summation of the series resulting
from the Coulomb interactions between the charges and their replicas is the
most frequently used method for obtaining the expression of the Coulomb
energy, although solving the Poisson equation is another possibility [37].
Several expressions are possible for the energy of dipolar systems with
a finite extent (L, = h) in the z spatial direction and periodic in the x and
y directions. When the system is enclosed in an oblique simulation box of
extension A in the z direction with basis vectors 1, ¢, in the xy plane the ex-
pression obtained in the form of an Ewald sum [34, 38] is given by (with the
notation of [38])

ZZ on b+ tomzs P[u, 1 B(l@ij + t- 1, z) (25)
7] 7]

z]ln

wi- (0 +t-n,zij) p;-(e; +t-n,z)

-3 C(|Q~+t-n,z~-|)]
l@jj + t-n, z;j|? v y

N
’;ZZ{ [D(G, zi)(k) - G)(k) - G)

ij=1 G#0

—i(M?(IL -G) + (1) - @)E(G, zy) - uip ?F(G)Zij)]exp(iG'Qij)}

N
ZaJn 20 2
E T exP(—aZZ?j)—an > |mi

i=1

ij=1

b

where A is the surface area and t a 2 x 2 matrix with columns corresponding
to the vectors ti, tp; n, 0 and [Ll‘l are bidimensional vectors with components
ny and ny, xj - x; and y; - y;, and uj and ;L},-’ , respectively. The functions B(r)
and C(r) are identical to those given in Eqs. 6 and 7; |Qij +t-m,zi| = {(xj - x; +
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(t-n)x)* + (yj - yi + (t-n)y)* + (z - z)*}"/? and

D(G, z) = exp(Gz) erfc(G/(2a) + «z) + exp(- Gz) erfc(G/(2x) - z) (26)
dD(G,
E(G,2) = "D\
= G(exp(Gz) erfc(G/(2a) + az) - exp(- Gz) erfc(G/(2w) - az))
9*D(G, z)
0z?
40G
== 7 exp(- G*/(40?) - o*2) + G*D(G, 2).

Jr
An equivalent expression based on the Lekner summation procedure has
been derived [16, 39, 40], but is too lengthy to be reproduced here.

F(G,z) =

3D Systems with 1D Periodicity
For a system with box sizes hy, hy and L,, periodic only in the z direc-

tion, the Ewald summation method gives the following expression for the
energy [41,42]

N
1 / 1
E=_ > % wi- wB(las zij + t-n)) (27)
2444 lafj’zw-nP[’ %

3 (- (0jj> zij + t- )[R - (@ zij + £~ )]
@i zij + t-n|?
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2 2 a2y (- G) (i - G) .
t E Y~ G/ T o 77 exp (iG-ry)
i,j=1 GZ#O,GX,GJ,

C(lejj» zij + t-nl)]

N

1 .
Il Ny .o (ul. o .
+Lz 3—1 i - wiP(legl) -2 (ng - eij) (1 - 0;)Q(le;)

o? N 203 N 2
I w!'s(0;) - ;
t Zu,- wdey) - >l
Lj=1 i=1
where
1 - exp(- a?0?%)
P(lg;l) = , (28)
ij
1 - exp(- a?0?) exp(- o20%)
Qe = . -d K

2
Q,‘j Qij
n = (0,0, n;) and the star * indicates that 0;j # 0.

In this formula, the sums on G, and G, correspond to continuous Fourier
transforms on the reciprocal variables ky and k; of x and y, respectively, writ-
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ten as Riemann discrete integrals following the scheme proposed in [43].
The integration steps dk, and dk, are chosen equal to 27ay/hy and 27ay/h,
where the numbers a, and a, have values between 0 and 1 which determine
the fineness of the 2D integration grid. Defining Ly = hy/ay and L, = hy/ay,
one has dky = 27/Ly and dky = 27/Ly and for any function f (ky, ky, G;) with
kx = Gx = 2mny /Ly and ky, = G, = 2mrny/L, one can write

1 .
. z :/dkxdkyel(kxx+ky}’+GzZ)f(kx’ky’Gz) (29)
2 G,#0
47'[2 i
~ (Gx x+Gy y+Gz 2) G..G.. G
LxLyLz e f( x> My Z)

G:#0,Gx,Gy

In Eq. 28, V is equal to LyLyL,.
The Lekner expression is derived in [33, 44].

2D Systems

Monolayers of dipolar particles are relevant for many experimental systems
of molecules with 3D dipoles located on planar surfaces and at interfaces. The
Ewald expression of the dipolar energy [45] of such a system is easily derived
by taking the limit z = 0 in Egs. 25 and 26

N
1 ’ 1
E=_Y"% i Balo;+t-n 30
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i,j=1 G#0
N N
204/7 , . 200 2
+ 2 uf — 1.
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ij=1

C(<¥|Qij+t'"|)]

The formula based on the Lekner summation procedure has been obtained by
Grzybowski and Brédka [39].
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2D System with 1D Periodicity
The Ewald sum for 2D systems periodic only in one direction (x direction)
has been derived in [46]

1 / 1
EZZZZ |Ql..+t-n|3[“i'”jB(O"Q"ert'"') (31)
ij=1 n 7
g Hitiey i C(algij+t-n|)]
|Q,-j+t-n|
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1
t Y3 {]o(yij, G) (i 1] + i i
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- 210> &) whit] ¥} | exp(iG- ry)

N
+ zi > {]_1(,vij,G) G* it

* ij=1 G#0

. . 208 J 2
+12J0(vijs G)G(/L;‘CM;I+M%}M;C))’ij}eXP(IG‘rij)— 3/ > il
i=1

where g;; is a 2D vector and u; a 3D vector, B and C are defined in Egs. 6 and
7. Here n = (ny,0) and G = (2w ny /Ly, 0) with Ly the system dimension in the
x direction. The functions J,(y, G) are given by

o2

10, 6) = / s'e "0/ ds. (32)
0

A convenient way to evaluate J,(y, G) is described in [47]. One can note that
if, in the functions J,, exp(- syz) is written as a Fourier transform f dk,
exp(ikyy - k}z, /(45))(1/+/4ms), it is possible to express the contributions of the
reciprocal k-space terms in Eq. 31 in a way similar to Eq. 27 by using a modi-
fied form of Eq. 29.

Slab in a Dielectric Medium

When a system of finite extension (L, = h) in one spatial direction is confined
by dielectric media of dielectric constant ¢, the Ewald and Lekner expres-
sions (cf. Eq. 25) for charged or dipolar systems are no longer applicable.
For charged systems, each charge and its periodic replica generate an infi-
nite set of image charges. The series which represents the interaction between
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charges, replica charges and image charges is a double series,

ZZ Z (33)

ij=1 n
qjin|2m| qjin|2m+1|
lojj + t-n,zj + 2mh|  |o; +t-n,zi +zj + (2m + 1)h|

where the prime means that for n =0 and m = 0 the term i = is excluded in
the sum, A =-(¢-1)/(¢ + 1) and

lojj + t-n, zij + 2mh| =
{(xj - xi + (£-m))2 + (j - yi + (£-1),)? + (zj - zi + 2mh)*} /2 (34)

The z origin is at mid-distance from the two interfaces. Similarly to the case of
systems periodic in the three spatial directions, the series can be computed by
multiplying the series terms by a convergence factor; the resulting expression
for the energy is [28, 29]
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- Z Azm“[(z,- +zj + (2m + 1)h)erfc(a(z; + zj + 2m + 1)h))

m=0,00
+ (- zi-zj+ 2m + Dh)erfc(a(- zi - zj + Cm + 1)h))] }

N

T

=1

where D(G, z) is defined in Eq. 26.

Other expressions have been proposed by Smith [29], who also discusses
their efficient computation. An expression for the energy of dipolar systems
can certainly be derived, but is not available in the literature.

The potentials due to a charge or a dipole located between two dielec-
tric media with planar interfaces and different dielectric constants are given
in [48]. Although the derivation concerns only the case of a system infinite in
the x and y directions it nevertheless can provide a first step in the derivation
of energy expressions of charged or dipolar periodic systems.

Polarization effects, which induce fluctuating dipoles in addition to per-
manent dipoles on polarizable atoms or molecules, do not produce essential
modifications to the energy expressions of pure permanent dipolar systems
when written in the context of the Ewald method. Generalization of the
Ewald expressions for mixtures of molecules possessing charges, dipoles,
quadrupoles and polarizabilities can be found in [49, 50] and [51].

In most Q2D experimental realizations of dipolar systems, the dipoles
interact by the 3D dipole-dipole potential. However, systems of dipoles inter-
acting by the potential, derived from the solution of the 2D Poisson equation
qlogr, (p =2 in Eq. 1), are of interest too. The expressions of the pair interac-
tion which must be used if the system has periodic boundary conditions have
been determined both by the methods of series summation and the Poisson
equation [52, 53].

Linear chains of fixed dipolar particles have been extensively studied in the
literature, but this topic is out of the scope of this review.

Numerical Implementation
The efficient implementation and programming of the above described en-
ergy expressions are the main problem in the simulation of charge or dipole
systems. When electric dipoles or possibly electric multipoles are described
by an intra-molecular charge distribution the relevant energy expressions are
those of the charge systems where the Coulombic intra-molecular contribu-
tions are omitted.

For systems of point dipoles or higher multipoles the difficulties which
must be overcome to realize efficient codes are similar to those encountered
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for the charge systems; the proposed solutions are similar for the two types
of systems.

Clearly when the Ewald energy expressions are used, an adequate choice of
the parameter « must be made to minimize the number of terms needed to
compute the series in r- and k-spaces. In most implementations, « is chosen
so that in the computation of the series in r-space, only the term n = 0 needs
to be retained. The number of terms to be considered in the series in k-space
is determined so that the numerical error on the estimate of the dipolar en-
ergy is equal or lower than a given value. When « is chosen according to these
conditions, it was shown that the computation time of the Ewald sum scales
as N3/2 [54]. Studies leading to a precise determination of « values associated
with a controlled numerical error on the energy or electric field values have
been made for the charge systems [54, 55] and recently completed in detailed
work [56] for the dipolar particle system. The number of terms needed to es-
timate accurately the Coulomb energy by using Lekner sums has also been
discussed [14, 57]. For most of the relative positions of a particle pair, the
value of the pair interaction is very accurately estimated with only a few terms
in the Lekner sum. However, when the vector distance between a pair of par-
ticles is approximately parallel to the xy plane, the functions K, are divergent
and a large number of terms must be considered to reach a precise estimate
of the pair energy. Numerical methods allowing to avoid such a shortcoming
have been described in [15, 39, 57].

It is worth remarking that in a simulation using the S3 geometry the
Coulombic or dipolar energy is computed with an accuracy depending only
on the precision of the floating arithmetic of the computer, since the dipole-
dipole pair potential has a closed analytical form. In addition, in the S3
geometry, the computation of an interparticle distance needs less arithmetic
operations than in the periodic system where such a distance is calculated by
using the minimum image convention. However, in spite of these advantages,
the time required for the energy computation in the S3 geometry increases as
N2, and the simulations in S3 are competitive with those based on the use of
Ewald sums, where this time scales as N>/2, and only for systems of moderate
sizes (N < 5000 particles).

Large Systems

As an adequate choice of the o parameter in the Ewald sums allows the com-
putation time of the contribution to the energy coming from the series in
r-space to scale linearly with N, several methods have been devised to reduce
the computation time of the series of terms in k-space. The latter is a Fourier
transform depending on the particle positions, which, obviously in continu-
ous systems, have disordered locations. The disorder of the particle positions
seems to preclude the use of a fast Fourier transform (FFT) algorithm for
the computation of the k-space series. Adequate numerical schemes have,
however, been devised to overcome this difficulty. In the particle-particle
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particle-mesh (P3M) scheme [58-63], the first step is to remark that the se-
ries in k-space is equivalent to the Coulombic energy of Gaussian charge
distributions centred at the particle positions. Clearly, this energy can be
determined from the solution of the Poisson equation associated with the
charge density (sum of these Gaussian distributions). When this density is
assigned to a regular grid, its Fourier transform, computed by a FFT, gives
the solution of the Poisson equation. Elaborate assignments of the charge
density have been proposed to minimize the computation time and numer-
ical error associated with the finite size of the 3D grids used in practice in
the simulations [64, 65]. The use of the FFT algorithm to compute the k-space
series is further made possible by approximating the complex exponentials
exp(ikr;) by linear combinations of complex exponentials calculated at grid
points close to the particle positions r; [66]. Detailed descriptions of such
schemes known as particle-mesh Ewald (PME) [59] and smooth particle-
mesh Ewald SPME [62] have been made for systems of charged, dipolar and
polarizable particles [65]. For Ng grid points, the computation time of the
k-space series is of the order Nglog(Ng); if the number of grid points is
assumed proportional to N (an acceptable estimate for dense fluid or solid
systems), the computation time of the Ewald sum varies with the system size
as N log(N). Detailed implementations of the P3M, PME and SPME methods,
needed to achieve the computation of energy and forces with a given accu-
racy, are described in [67, 68].

The numerical methods, known as the Fast Multipole Method (FMM) [69-
72] and the Cell Multipole Method (CMM) [73-76], are particularly suitable
for systems of large numbers of charges and/or dipoles. In brief, they are
based on a division of the volume of the simulation cell into sub-volumes.
The contribution to the energy of the interaction between charges within the
same sub-volume is computed exactly by direct summation and that due to
interactions between charges in different sub-volumes by considering that the
potential acting on a charge in a sub-volume m is the sum of the potentials
associated with the multipole expansion of the charge distribution inside the
sub-volumes n # m. The decrease of the computation time results from the
important reduction of the number of distances between particles needed
to compute the Coulombic or dipolar energy. Thus, the contribution to the
energy of a particle in a sub-volume m involves the distances between the par-
ticles inside this sub-volume and those between this particle and the centres
of the other sub-volumes, the points around which the multipole expansions
are made. The cost of the energy computation increases as N when N is suf-
ficiently large. The main difference between the FMM and CMM methods
lies in the way the multipole expansions are implemented using either spher-
ical harmonics or Taylor expansions. The question of compatibility of the
multipole method with periodic boundary conditions has been considered
in several publications [72,77-79]. A detailed description of the practical
use of the multipole method for systems of dipolar and polarizable particles
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is given in [80, 81]. Using the same idea of a division of the potential act-
ing on a charge in two parts due to the neighbouring and distant charges,
respectively, Sperb and Strebel have proposed the MMM method which is
based on an energy expression derived in [14]. A remarkable use of the FMM
method for large 2D dipolar Ising systems has been made by Stoycheva and
Singer [82] in their study of stripe melting in magnetic monolayers. We fi-
nally mention that the previous FMM methods have been considered for 2D
periodic charged and dipolar systems based on the logr potential [52] by
Christiansen et al. [74].

Partially Periodic Systems

The case of 3D systems finite in one or two spatial directions and periodic in
the other directions (slab geometry) needs a special treatment. As seen from
Egs. 25 and 27 the number of arithmetic operations required for the compu-
tation of the k-series in the Ewald expression of the energy are of the order
N? multiplied by the number of terms retained for the numerical estimate
of the series. The cost of such a computation is generally prohibitive even
for systems of small sizes. Algorithms have been developed to overcome this
problem and maintain the computational cost of the k-series proportional to
N. The method proposed by Hautman and Klein [83] for systems of finite size
in the z direction is based on an expansion of 1/r in powers of z/s, where z
and s are the components of r perpendicular and parallel to the slab surfaces,
and the contribution to the energy of each term of the expansion is obtained
by computing the sum on the charge replicas by an Ewald method. For nar-
row slabs, an accurate value of the energy can be obtained by retaining only
a few terms in the expansion of the r- and k-space contributions; it is pos-
sible to rewrite the latter in a form corresponding to a computational cost
proportional to N.

The Lekner expressions of the energy of systems of charges or dipoles peri-
odic in one or two directions [39] contain only terms in r-space, and therefore
seem particularly adequate for an efficient calculation. However, it is also
supposed that use of the Lekner sum, as was mentioned for the 3D systems,
overcomes the numerical instabilities arising from the divergence of the func-
tions Ky and K;j for small values of their arguments [57]. An extension of the
MMM method to the systems with a slab geometry is discussed and checked
in [84].

A simple recipe to perform calculations for a system of height # in the z di-
rection and periodic in the x and y directions, with sides Ly and Ly,isto include
it in the central part of a volume of sides Ly, L, and L, with periodic boundary
conditions in the three spatial directions. If L, is chosen much larger than A, it
is expected that the effect of the replicas in the z direction will not affect the cal-
culated physical properties of the system. Such a conclusion has been obtained
in [85]. However, if a large value of L, has to be used, the number of terms ne-
cessary for a precise estimate of the k-space series also increases. A method to
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reduce this inconvenience, is to add a surface term proportional to the square of
the zcomponent of the total dipole moment of the system to the shape indepen-
dent part of the 3D Ewald energy as proposed in [86, 87]. This term is obtained
by performing the sums in Eq. 5 in a slab-wise fashion. This approach, has been
recently improved in [88, 89] by an exact evaluation of the interaction between
replicated layers which has to be subtracted. In this way the energy of systems
with a slab geometry can be computed accurately by using the 3D Ewald sum
with an acceptable value of L.

An efficient numerical method, developed and used in [43, 90-92] for the
computation of the Coulomb energy of 3D systems with 2D periodicity has
been shown in [93] practically equivalent to the above described methods
based on the use of the Ewald sum for 3D systems with 3D periodicity.

Polarizable Systems

In numerical simulations of systems of N polarizable dipolar particles the
induced dipoles must be computed by solving a set of N linear equations de-
pending on the positions and orientations of the N dipoles of the system. The
solution of this set of equations requires of the order of N? operations and
deteriorates considerably the efficiency of MC simulations since, in principle,
for each MC elementary move involving, for instance, the displacement of one
particle, the N linear equations have to be solved. The validity of numerical
procedures allowing us to overcome this problem is discussed in [94]. The
procedures are based on the choice of an adequate cut-off of the interparti-
cle distances such that the computation of the induced dipole of a displaced
particle depends only on the positions and orientations of dipoles located at
a distance of the trial particle position smaller than the cut-off.

3
Simple Dipolar Fluids

The systems of particles with permanent or induced electric or magnetic
dipoles have physical properties induced by the specific characters of the
dipole-dipole interaction. One of these properties is the dielectric constant
which, in simulations, is obtained from the average value of the fluctuations
of the dipole moment (M?) by using Kirkwood or Onsager relations according
to the boundary conditions [95]. An accurate estimate of the dielectric con-
stant requires some caution [96, 97]. For fluids of particles with a permanent
dipole moment comparable to that of water, the computation of the dielectric
constant is best performed with the use of the Ewald potential with tin foil
boundary conditions and requires at least 500 particles and a number of time
steps larger than 10° if MD runs are performed. Systems where the surface
term Ep (Eq. 11) is associated to the Ewald energy, do not present a noticeable
advantage over those with tin foil boundary conditions since for the latter the
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uncertainty on the dielectric constant value is minimal for a given statisti-
cal error on the calculated average of (M?). Determination of the dielectric
constant from computing the linear response of the total dipole moment to
a weak external field is also possible, but this approach is not significantly
more efficient than the previous method [97].

Systems of dipolar molecules are common, and their phase diagrams, gen-
erally, do not differ qualitatively from those of simple fluid models where the
particles interact by a spherically symmetric van der Waals potential. For in-
stance, it is expected that a small dipole moment influences the location of
the liquid-gas (l-g) critical point but does not preclude this first order tran-
sition. It was realized, mainly on the basis of numerical simulations, that the
phase diagram of systems where the dipole-dipole interaction is the dominant
interaction differs largely from the standard scheme of successive gas-liquid
and fluid-solid transitions. In addition strong dipolar interactions seem to be
able to generate fluid or solid ferroelectric phases. The properties of simple
systems of dipolar particles are presented and discussed below.

3.1
Phase Diagram

The simplest continuum dipolar system is certainly point dipoles embed-
ded at the centre of a spherical hard (DHS) or soft (1/ r'2 or truncated and
shifted L] potential) (DSS) core to prevent divergence of the dipolar interac-
tion at small separations. Yet the dipolar interaction presents two peculiarities
which make the system not so simple after all: a slow spatial decay (~ 1/7%)
and a highly directional angular dependence. A consequence of the long
range behaviour is that the dipole interaction may create shape dependent
internal demagnetization fields whose strength depends on the boundary
conditions [98]. The demagnetization field is at the origin of domain for-
mation in high density dipolar systems. A proof of the independence of the
free energy on the shape and boundary conditions in zero applied field and
of the thermodynamic limit has been given recently by Banerjee, Griffiths
and Widom [98]. The second characteristic feature of the dipolar interaction,
its strongly directional angular dependence, explains the tendency for chain
formation in low density DHS and DSS models. Two close dipoles aligning
“head-to-tail” have indeed a much more favourable energy (- 2u?/0?) than
arranging side by side with antiparallel (- 4?/0) orientations.

An intriguing question is whether DHS and DSS models can show I-g coex-
istence or whether chain formation precludes formation of a liquid. A simple
argument seems in favour of the occurrence of a l-g transition. It is based
on the estimate of the effective interaction, at large distance, between dipolar
particles which behaves like an attractive van der Waals potential (- 1/ r°). But
this estimate which results from the average of the dipole-dipole interaction
weighted by its Boltzmann factor, is unconvincing since it neglects the effect
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of strong short ranged correlations between dipole moments. On the basis
of systematic MC studies of the DHS model, it became quite clear that the
l-g transition was not present in the expected domain of densities and tem-
peratures. MC simulations performed in the NpT and Gibbs ensembles for
temperatures between T* = 0.222 and 0.18 and densities 0.1 < p* < 0.4 [22]
and in the NVT ensemble, mainly along the isotherm T* = 0.0816 and densi-
ties 0.02 < p* < 0.3 [99,100], did not find any evidence for a I-g transition.

As apparent from 3D simulations of DHS [99,100] and DSS [101-105]
small chains (dimers, trimers) start forming when the dipolar energy exceeds
the thermal energy (A ~ 3). By increasing the dipole moment (or lowering
the temperature) the chains grow and an equilibrium state establishes consist-
ing of a distribution of chains, rings or more complex structures of different
lengths, breaking and reforming, with relative concentrations depending on
density and temperature.

Chain formation is a slow process, especially at low density. Two chains ob-
viously like to attach if two end dipoles become closely aligned head-to-tail,
rings can form from two chains of favourable relative positions and dipole
orientations or if the two ends of the same (large) chain meet with favourable
orientation of their dipole moments. In longer chains an end particle may
attach to an interior particle thereby forming a ring and a chain that subse-
quently detaches; two chains coming into contact can exchange branches at
“Y” or “X” junctions; two rings can fuse into a larger ring or a larger ring
can form from two rings [106] etc.... As chains assemble, at large dipole mo-
ments, spontaneous breaking will occur only if neighbouring chains come
close and approach one another with favourable relative orientations [107].
In view of these mechanisms through which evolution of the system takes
place it is clear that in MC simulations cluster moves [108, 109], translating
and rotating cluster entities as a whole, in addition to single particle moves,
will greatly enhance sampling of phase space at low density. The modifica-
tion of the acceptance ratio in MC simulations with cluster moves is found
in [110,111] for a wide class of cluster rules. In particular, detailed balance
requires that a trial cluster move be rejected if the connectivity of the cluster
changes in this move.

At low densities (p* < 0.01) [99,112] the system of 3D DHS consists of
a mixture of short chains and rings. As the density increases at low tem-
perature, (cf. results along the isotherm T* =0.1322 [112]), the fraction of
particles in chains and the average cluster sizes increase; at p* >~ 0.06 there
are no more ring like clusters but a network of long chains which span the
simulation cell. At higher density (p* > 0.2) the network structure disappears
and the system is more like a normal liquid. Eventually the system gets fer-
roelectric [112]. These structural changes are also apparent in the low wave
vector behaviour of the structure factor [113]. A rough sketch of the different
phases evidenced in DHS is given in Fig. 1.
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Fig.1 Sketch of the phase diagram of 3D DHS in the temperature-density plane. The
reduced temperature is related to the reduced dipole moment by T* = 1/u*2. At high tem-
perature (u* < 1.5) the system consists mainly of monomers. At lower temperatures and
low density the DHS particles are associated in chains and rings. Upon increase of the
density the average cluster sizes increase, the rings unbind in favour of chain-like seg-
ments and the structure changes to that of a network spanning the (finite) simulation box.
At densities p* > 0.2 each particle is coordinated with a whole shell of particles and the
network structure breaks down: the system is more like a normal liquid [99, 113]. Fur-
ther compression gives rise to a ferroelectrically ordered state [99, 102, 135]. Between the
ferroelectric solid and the ferroelectric liquid a small region (dotted region) may exist
with ferroelectric columnar ordering of the particles [102, 134]. The star marks the crit-
ical point of a condensation transition conjectured in [112,113]. The triangles indicate
the limits of mechanical stability of the bct (open triangle) and fcc (filled triangle) solid
phases [135]

A detailed study of the isolated chains or chain network requires a working
definition of a chain which can be based on either a steric or energetic crite-
rion (e.g. two spheres or particles are bound if their distance is smaller than
a predetermined distance or their potential energy lower than a predeter-
mined value E;) [99, 100]. As shown by Tavares et al. [114] results will depend
somewhat on the precise choice of the criterion. For instance in 3D DHS, the
average chain length at p* = 0.05 and p* = 2.75 is ~ 4.80 for a threshold en-
ergy E. = - 1.4u*? and ~ 3.20 for E. = - 1.5u*2. Using a value E, = - 1.4,.*?
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a typical average chain length at p* = 0.02 is ~ 80 and ~ 240 at p* =0.10
(p* =3.5) while persistence lengths at these densities and dipole couplings
are ~ 4.30 and ~ 70, respectively.

The structural characteristics of a Q2D dipole system differ from those in
3D by a larger tendency for ring formation and defect clusters of more com-
plex topology as well as by the absence of a ferroelectric phase at high density.
At large density the Q2D dipolar hard spheres rather organize in vortex-
like structures with no net polarization [7, 106, 115, 116]. Interestingly similar
patterns have been observed in a vertically vibrated monolayer of magnetic
spheres [117].

Due to limits on system size and lack of efficient sampling, a complete an-
alysis of the chain structure in 3D dipolar systems has not been realized. Only
in 2D, could systems of sufficiently large size (5776 particles) be investigated
so far allowing a quantitative description of chain and ring length distribu-
tions and conformational properties [7,106]. A detailed comparison of the
length distributions of the simulated dipolar chains and rings with those pre-
dicted by equilibrium polymer theory shows that the structure of the Q2D
dipolar system is, to a good approximation, the same as that of 2D equilib-
rium polymers [7, 106].

The compactness of chains or rings, considered as clusters of associated
particles, can be measured by the radius of gyration Ry which should scale
as N ~ R? where N is the number of monomers in a cluster and d the cluster
fractal dimension. The simulation results for strongly interacting Q2D dipo-
lar HS show that small clusters, N < 10 for chains and N < 40 for rings, scale
with d ~ 1 indicating that they behave as rigid objects while larger clusters
have the conformation of 2D self-avoiding walks (d ~ 4/3) [106]. This con-
trasts with recent experiments with magnetized steel particles thermalized
by vibrations where clusters with a small number of particles appear more
compact (d ~ 2) while larger clusters become more extended (d ~ 1.4) [118].
Network states similar to those seen in the simulations are obtained only if
the high temperature gas is rapidly quenched to a low temperature and are
conjectured to be metastable states [118].

Linear chain structures resembling those described above could be ob-
served recently in cryo-TEM (transmission electron microscopy) studies of
thin films of metallic iron dispersions of sufficiently large size in a zero
field [119, 120]. In these experiments the solvent is vitrified by a fast tempera-
ture quench allowing the structural arrangement of the arrested particles to
be visualized by direct imaging. The formation of linear chains and network
like clusters gives strong evidence that in these iron dispersions the mag-
netic interactions are dominant over the isotropic repulsive and van der Waals
interactions stemming from the coating of the magnetic cores by a surfac-
tant layer to prevent irreversible aggregation of the particles. Alignment of
the chains along the direction of an externally applied saturating magnetic
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field and lateral aggregation of the chains into bigger clusters [119, 120] give
further support for a system dominated by dipolar interactions (see below).
In the experiments of Butter et al. [119] the onset of chain formation starts
roughly at a dipole moment p* & 2.5 in good agreement with simulation.
However, the observed average chain length, 2.49, at the density po? = 0.4
and u* ~ 2.4 is much smaller than the simulation result [106]. Also, sur-
prisingly, no formation of rings, ubiquitous in the simulation studies of
Q2D dipolar HS, is found in the samples. In more conventional ferrofluids
like oleic-acid-coated magnetite dispersions the dipole interaction is much
weaker (lower bulk saturation magnetization) and the structure is believed
to be governed by the van der Waals interaction yielding isotropic clusters
or drops rather than linear chains [119] in accord with simulations of Q2D
Stockmayer fluids [45] or DHS with additional Yukawa attraction [7].

Nature has succeeded in producing even stronger dipolar magnetic par-
ticles inside the cells of magnetotactic bacteria [121]. These bacterial mag-
netite particles have a size (& 50 nm) much larger than that of typical
laboratory-made magnetite colloids (5-15 nm) and therefore a larger dipole
moment (A ~ 50). When extracted from the cells and confined to lie on a 2D
plane various morphologies including linear chains, rings, rings with at-
tached chains or more compact assemblies are observed [122].

Self-assembly into chains, closed loops, netlike structures or hexagonal
superlattices has also been demonstrated in Q2D systems of magnetic mi-
crospheres [107] and spherical e-Co nanocrystals of appropriate size [123] as
well as in simulations of elongated molecules with transverse dipole moment
(see Sect. 4) [124,125].

Bounds on the temperature-density range for possible 1-g coexistence have
been suggested in 3D DHS and DSS systems. Van Leeuwen and Smit [126]
have examined, through Gibbs ensemble MC simulations, the change of a co-
existence curve of a system with short range potential

vsr(r)=4s[(c:>12—s6(c:)6:| (36)

by varying the relative strength of the dipolar to attractive (nondipolar) in-
teraction, i.e. interpolating between the Stockmayer fluid model and the DSS
model. For g6 =1 the system exhibits 1-g coexistence (at least for not too
large dipole moments) because the L] potential does so. Upon decreasing
g6 to zero the critical temperature and density decrease monotonically and
the width of the coexistence curve shrinks. For ¢ < 0.3 no coexistence could
be found anymore. In this domain of density and temperature snapshots of
configurations of the system revealed chaining of the particles. Extrapola-
tion of the critical density to ¢ = 0 yields an upper bound p} ~ 0.03 for the
critical density (provided it exists) of the DSS system. The same behaviour
should be observed by increasing the dipolar strength in a Stockmayer po-
tential [127]. As the strength of the dipolar interaction increases the critical
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temperature T} = kT./¢ increases and the critical density decreases but A sat-
urates to a value A, ~ 25. For values of 1 and T in the vicinity of A, chain
formation occurs.

An increase of T} is also observed if a polarizability is added to Stock-
mayer particles, since the main effect of polarizability is to increase, on
average, the magnitude of the permanent dipole moment [128]. Similar sen-
sitivity of the I-g transition to the relative strength of the dispersion potential
and dipolar interaction occurs in the Q2D Stockmayer fluid [45]. Compared
to the 3D Stockmayer fluid the critical temperature is reduced by confinement
of the centres of mass in a plane and the coexistence curve is much flatter.
In [45] no estimate has been given for the dipole strength at which the 1-g
transition is expected to be superseded by the chain formation.

A second delimitation of the (T, p) region where a l-g transition in DHS
could exist comes from simulations of dipolar hard dumbells and sphe-
rocylinders [129]. If the hard core of the dipolar particles has a slightly
elongated shape in the direction of the dipole moment the head-to-tail con-
figuration is less favoured with respect to the side by side configuration (due
to a larger separation of the dipole moments in the direction of the molecu-
lar axis) and a I-g transition is restored. Not surprisingly, slightly elongated
hard dumbbells and spherocylinders (L/D < 0.28 at T* = 0.12; L length and D
diameter of the molecules) exhibit 1-g coexistence even at the smallest elon-
gation (L/D ~ 0.1) which could be studied reliably by the Gibbs ensemble
and grand canonical MC simulations [129, 130]. At smaller aspect ratios as-
sociation of the particles into energetically very stable chain structures at low
temperature and density reduces dramatically the probability of successful in-
sertion and deletion moves in the Gibbs ensemble and grand canonical MC
methods. Extrapolation to the L/D = 0 limit would locate the critical tempera-
ture of dipolar HS roughly at T* ~ 0.18 with a very low critical density [129].

In view of these results it seemed promising to investigate in more detail
the temperature region slightly below T* = 0.18. Camp et al. [112] have per-
formed three independent sets of MC simulations for dipolar hard spheres
along the isotherm T™ = 0.1322 which give compatible results pointing to-
wards the existence of a “condensation transition between a highly associated
vapour phase and a more normal dense liquid phase” [113]. The critical tem-
perature is estimated to be T* & 0.16 and the critical density p} ~ 0.1 [113].
A striking observation is that over the density range covering the different
phases the energy and enthalpy remain practically constant in contrast to
a normal I-g transition.

Motivated by the simulation results, Tlusty and Safran [131,132] pro-
posed a mechanism for the phase transition in low density dipolar fluids
where competition is brought into play between a low density entropically
favourable phase rich in chains (ends) and a higher density energetically
favourable phase rich in junctions of three chain ends (Y defects). Not enough
simulation data, in particular concerning the formation of Y junctions, is



188 J.-J. Weis - D. Levesque

presently available for 3D DHS to assess the relevance of this mechanism of
a phase transition. For Q2D dipolar DHS detailed analysis of the topology
of the clusters, of their internal energy and their size distributions suggests
that the system undergoes a phase transition from a dilute phase character-
ized by a number of disconnected clusters to a condensed phase characterized
by a network of spanning (macroscopic) clusters that include most of the
particles in the system [133].

3.2
Ferroelectric Liquid and Solid

A second surprise, besides that of the absence of a I-g coexistence in low dens-
ity dipolar hard and soft spheres, is the discovery, by simulation, of an ori-
entationally ordered ferroelectric phase at high density [101-103, 127, 134-
136]. This is all the more astonishing as ferroelectric phases have so far been
observed only in chiral smectic-C liquid crystals [137] or in undercooled li-
quid metals [138]. In ferrofluids the high packing fractions at which magnetic
ordering occurs in the simulations are presently not attainable. However, the
observation of growth of ferromagnetic fluctuations in an iron-nitride sam-
ple, at the highest densities that could be investigated (p* = 0.3), is suggestive
of a ferromagnetic transition [139]. On the other hand, the possibility of
the existence of a macroscopically polar liquid has been questioned on the
basis of symmetry arguments [140]. It is worth remarking that in experimen-
tal systems the values of the particle sizes and dipole moments can present
a noticeable polydispersity. Simulations of dipolar HS systems [141] with
a Gaussian distribution of the dipole moments, show that the stability of the
polarized fluid phase is affected by the distribution width. For identical values
of the average dipole moment, the ferroelectric phase can exist for a narrow
distribution but will be absent for a large distribution.

Stable ferroelectric nematic phases have been found in high density simu-
lations of DHS [134, 135], DSS [101-103] and Stockmayer particles [127, 136].
So far the transition densities at fixed A or temperatures (at fixed density)
have been estimated only qualitatively by the value at which the polarization
order parameter (rounded by finite size effects) P; = ((Z?Ll ;- d) /N) ~ 0.5
where ji; is a unit vector and d the instantaneous director. A more precise es-
timate of transition temperatures is presently being attempted [142] through
a finite size scaling analysis [143, 144].

Increasing the dipole coupling shifts the transition densities to lower den-
sities. For instance, in dipolar soft spheres (256 particles) magnetic ordering
sets in at a density p* ~ 0.85 for A ~ 4 [103], p* ~ 0.65 for A ~ 6.25 [102, 103]
and p* ~ 0.55 - 0.60 at A ~ 9 [102, 103]. Transition densities are similar in
DHS [113,135], but are much higher in Stockmayer fluids where a ferroelec-
tric transition exists only for A > 4 [127,136] at densities generally larger
than the liquid densities at 1-g coexistence. MC simulations by Gao and
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Zheng [136] predict a narrow low temperature range within which the vapour
coexists with a ferroelectric liquid. It is worth stressing that at strong coup-
ling, A > 7, relaxation of the orientational structure is slow and the system
may get trapped for long periods in metastable configurations [102, 103, 142].

By examining the stability of various lattice structures, body-centred-
tetragonal (bct), body-centred-orthorhombic (bco), body-centred-cubic
(bcc), face-centred-cubic (fcc) and hexagonal close packed (hcp), in
isothermal-isobaric MC simulations with variable box lengths, Gao and
Zheng [136] conclude that in Stockmayer fluids the bco crystal is the stable
phase near the triple point. The latter is obtained from Gibbs free energy
calculations in the solid (bco) and liquid phases and is located at a tem-
perature T* ~ 1.31 and a pressure p* ~ 0 (u* = 2.5). Groh and Dietrich [145]
show that at T* = 0, the Stockmayer model can present hexc (hexagonal phase
with slightly contracted c-axis), bco or bct phases, depending on density and
dipole moment. For dipole moments p* < 3 (the values commonly used in
simulations) the ground state is bco or hexc, depending on density.

Dipolar soft spheres solidify into a bct crystal at p* ~ 0.87 for A = 6.67
(u*=3,T*=1.35) and p* ~ 0.8 for . =9 (u* =3, T* = 1) [102]. Inspection of
the pair distribution shows that in the ferroelectric liquid the short range spa-
tial correlations are similar to those in the bct crystal [102]. The ground state
phase diagram of DSS is quite complex depending on the softness parameter
n [145]. For n = 12 the sequence of transitions with increasing density is fco
(face-centred-orthorhombic)-bct-bco-hexc-beo-fec for u* =1 [145].

In DHS, at u* = 2.5, the bct lattice has been found [135] to be stable over
the whole density range considered p* = 0.95 - 1.20 but a fcc lattice is also
mechanically stable in the region 1.02 - 1.20. Below p* & 1.06 the fcc lattice
transforms into a bco structure. The relative stability of the different phases
has, however, not been investigated. In the fcc lattice the polarization is along
a [001] direction, and in this direction the dipole moment orientations vary
with helical order along lattice planes separated by one-half lattice spacing. In
each lattice plane the dipole moments orient nearly parallel making an angle
of ~ 40° with the polarization axis [135].

Between the polarized nematic and solid phases a density region seems
to exist where dipolar hard and soft spheres form ferroelectric columns with
square ordering in the plane perpendicular to the columns [102,134]. The
stability and density range of this phase needs further investigation. Such
a columnar phase has also been identified in a system of extended dipoles
where the columns order on a hexagonal lattice [146].

Ferroelectric fluid phases have also been observed in simulations of
disk-shaped particles with embedded dipole moments along the symmetry
axis [147, 148] (see Sect. 4) and in a dipolar hard sphere model carrying two
parallel dipole moments displaced equally from the sphere centre [149]. In the
latter model antiferroelectric arrangement of the particles is, however, equally
preferred at sufficiently large separations (0.30') of the two dipole moments.
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It is worth stressing that a single ferroelectric domain is obtained in sim-
ulations only with the so-called conducting b.c. In this way polarization
charges appearing at the system’s boundary are absorbed by the conducting
medium and there is no depolarization field. This is not the case with vac-
uum b.c. (¢' = 1) where an unfavourable (positive) depolarization energy is
counteracted by the system by splitting into different fully polarized domains
with polarization directions such that the total polarization of the system van-
ishes [102,135]. Note, however, that the thermodynamic limit must be the
same for both boundary conditions [98].

Mixtures of neutral HS and DHS with equal or unequal core diameters un-
dergo demixing when the value of the dipole moment increases (or similarly
the temperature decreases). The onset of the demixing depends on the ratio
of the core diameters of the two species [141,150].

3.3
Clusters

The ground state configurations of dipolar clusters have been studied as
a function of their size and the strength of the dipolar interaction and com-
pared to those when the interactions between particles are short ranged.
A detailed study of the lowest energy configurations adopted by DHS sys-
tems with particle number N ranging from 3 to 20 allows us to conclude [151]
that linear chains are the most stable arrangement for N < 3, planar rings for
4 < N < 14 and double rings for 14 < N < 20. By adding a quadrupole of in-
creasing strength to the DHS, the rings become unstable and compact struc-
tures are the typical ground state configurations. If the HS core is replaced
by a L] potential, compact structures are also the most stable configurations
when the L] potential is stronger than the dipole-dipole potential. A small po-
larizability does not affect the qualitative structure of the ground states, but at
larger values, the ring arrangements disappear in favour of chains [151]. The
orientational arrangements of lowest energy of 3D dipoles located at fixed
positions have been studied in [152]. This study which confirms the results
found in [151] determines the minimum energy of finite size crystals where
the nearest neighbour distance is equal to the diameter of an associated DHS
system. The results show the propensity of dipole orientations for adopting
ring or columnar configurations. The orientational ordering in larger clusters
of up to 50 Stockmayer particles has been investigated by Lu and Singer [153].
At the dipole moment u* =+/3, they find that the clusters have an oblate
shape with a high degree of circulating orientational order. The effect of an
external magnetic field on the stability and breakup of cluster configurations
is described in the works of Jund et al. [154] and Kun et al. [155].

The relative influence of the van der Waals and dipolar interactions on the
homogeneous I-g nucleation has been determined by ten Wolde et al. [156,
157] for the Stockmayer fluid at u* =4 and temperature T* = 3.5 (A = 4.6)
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below the critical temperature T* = 5.07. The cluster-size distribution was
computed via a biased grand canonical scheme allowing an efficient sampling
in the vapour phase of the configurations comprising large clusters (liquid
drops) relevant to the nucleation process. The bias is evidently corrected for
to estimate the true relative probability of such configurations compared to
those where particles are distributed over many small clusters. A main result
of this work is that nucleation of the liquid is preceded by the formation of
chains. The analysis of particle configurations demonstrates that small clus-
ters containing up to 30 particles are not compact, but correspond to linear
or ring arrangements and differ markedly from those observed in systems of
particles interacting by L] potentials [158]. The configurations of larger clus-
ters are compact and of globular type, but their density profiles differ from
those occurring in clusters of L] particles; in particular chains are present in
the interfacial region. These simulation data can contribute to explain the dis-
crepancy between the results of classical nucleation theory and the nucleation
rates observed in polar liquids.

The influence of an external electric field on the nucleation process has
been investigated in the case of the Stockmayer fluid by computing the free
energy of formation of clusters in the vapour phase [159]. The free energy is
found to increase in the presence of an electric field at fixed supersaturation
vapour and to decrease at fixed chemical potential.

34
Frozen Systems

As shown above, the ferroelectric phase seems to be the stable phase of
dense fluid systems of strongly dipolar particles. When the configurations
of the particles are randomly frozen without hindering the dipole reori-
entations, mean field theory predicts that a stable ferroelectric phase can
exist [160]. This possibility has been investigated by numerical simulations
of DSS [161,162] with dipole moments having one, two or three compo-
nents corresponding to Ising and XY models with long range interaction and
the usual DSS system, respectively. For the soft sphere system at T* = 10.5
and p* = 0.8, structureless initial configurations were generated except for
short range correlations due to the soft cores. After freezing these disordered
configurations, the equilibrium arrangements of the three different types of
dipoles with ©* = 4 were computed by constant temperature MD simulations
for the XY and DSS models, and by MC simulations for the Ising-like model.
In the Ising-like model, spontaneous polarization occurs below T* = 25. For
the disordered frozen XY and DSS models no evidence for a ferroelectric
state was found upon decreasing the temperature. By contrast, the growth of
the average of the order parameter (Sy,) = [ >oilm) - (;Li)]l/z/N, when T* de-
creases, suggests that in these two models the dipole orientations freeze to
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form a dipolar glass. These results are in disagreement with the mean field
theory predictions [160]. The glassy orientational freezing of the disordered
quenched XY and DSS models seems to be at variance with the occurrence of
fluid ferroelectric phases. This question was further studied in [161, 162] on
a model where the dipoles are embedded in mobile soft core spheres whose
motion is not influenced by the dipolar interactions. Since the dipole corre-
lations depend on the instantaneous soft core sphere positions, it is possible
to value the role of the short range spatial correlations on the onset of the fer-
roelectric phase. The simulations show that in these dynamically disordered
systems the ferroelectric phase exists. They demonstrate the crucial role of
the coupling between the dipole orientation and the static or dynamical local
spatial order in the existence of stable polarized phases in dipolar fluids.

Susceptibility calculations for DSS with frozen spatial positions (fer-
rosolid) have been reported by Wang et al. [104] and compared with fer-
rofluid results. Due to the suppression of cluster formation in the ferrosolid
the susceptibilities are lower than in the ferrofluid.

3.5
Dipolar Systems in an External Field

The suspension of dipolar spheres is an ideal, though realistic, model to in-
vestigate quantitatively the variation of the susceptibility and magnetization
of ferrofluids in the presence of a weak external magnetic field. A detailed
analysis of very accurate simulations of a dipolar sphere system (with short
range interaction given by a truncated and shifted L] potential) where the
solvent effects are taken into account by coupling the spheres to a Langevin
thermostat is presented in [104]. The variation of the susceptibility x with
dipole coupling A and volume fraction ¢, typical of those of experimental
ferrofluids, is compared with theoretical predictions based on a polynomial
expression of x in terms of the Langevin susceptibility x; = 4mwpm?/3kT (m
magnetic moment) only. Good agreement is obtained for the low dipole mo-
ments (A < 2) while systematic deviations at larger couplings show that at low
and intermediate densities x depends on A and ¢ separately. This behaviour
is attributed to particle aggregation. Similar discrepancies are observed for
the magnetization curves. Additional simulations have been performed for
a mixture of two species of dipolar spheres differing by their diameters and
dipole moments. The ratio of the dipole moments has been chosen propor-
tional to the ratio of the particle volumes, in accord with the characteristics of
magnetite particles. The results described in [163] show that the agreements
or differences with theoretical predictions of the magnetization are consis-
tent with those found in the one component fluid. Due to their larger dipole
moment, large spheres aggregate more easily in chains than small ones. At
a fixed total volume fraction an increase of the volume fraction of the large
particles therefore enhances the magnetization and the initial susceptibility.
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On the other hand, an increase of the volume fraction of the smaller particles
(at a fixed volume fraction of the large particles) hinders aggregation of the
large particles and consequently has a significant effect on the structural and
magnetic properties of the system [163].

A more realistic particle polydispersity typical of that in a ferrofluid has
been considered by Krist6f and Szalai [164]. Their calculations for a DSS
model show that, up to moderate fields, the magnetization is generally higher
in the polydisperse system than in the corresponding monodisperse system
where all particles have dipole moments and sizes equal to the average values.

Comparison of the calculations of initial susceptibility and magnetization
performed with different boundary conditions shows that the use of a peri-
odic system with metallic boundary is more appropriate, due to the much
weaker dependence on system size, than either a periodic system with vac-
uum boundary or a finite spherical box [97].

A comprehensive comparison of simulation data for the susceptibility and
magnetization of ferrofluid models with theoretical predictions can be found
in a recent review article by Huke and Liicke [6].

In an external field sufficiently strongly interacting dipolar particles form
chainlike aggregates, aligned with the field direction, whose characteristics
depend on density, dipole moment, field strength & = 47mH /(kT) and short
range interaction. The effect of the field on structural properties is most con-
spicuous in MC simulations of dipolar hard spheres with centres confined to
a plane. In a field parallel to the plane and with low values of A the chains
are short but several chains can loosely bind to form thicker clusters. At
larger dipole moments p* > 2.5 the chains span the simulation cell and ag-
gregate into thicker regularly spaced columnar clusters (stripes) [7, 108, 165].
The average lateral size of the clusters depends on the density increasing from
220 at p*=0.21t04.80 at p*=0.4 to 6.50 at p* = 0.6 [165]. Increasing the
field strength favours longer and stiffer chains and produces more densely
packed columns. The local structure of the spheres in the columns is that of
a hexagonal crystal.

Similar chain ordering has been evidenced in ferrofluid films [166] and in-
verse ferrofluids confined between narrowly spaced glass plates when a mag-
netic field is applied parallel to the layer [167-169]. Inverse ferrofluids (or
magnetic holes) are nonmagnetic colloidal particles dispersed in a ferrofluid.
As the colloidal spheres are much larger (1-100 um) than the magnetic par-
ticles in the ferrofluid (0.01 wum) the ferrofluid can be viewed as a uniform
magnetic background. In an external uniform field the spherical colloidal
particles of volume V acquire an effective dipole moment m=- VxH (% ef-
fective susceptibility) collinear with the average magnetic field H inside the
ferrofluid.

Three dimensional simulations of strongly interacting DHS in an external
field are less extensive but give qualitatively similar results, including aggre-
gation of chains [170]. At large values of the dipole moment high potential
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barriers may preclude aggregation into regular columns and the structure ap-
pears more gel-like. Columns have been observed to form in thin ferrofluid
films (typically a few hundred particle diameters thick) under the influence
of a perpendicular magnetic field. They order into a periodic 2D hexagonal
lattice with lattice spacing decreasing with field strength [171] and scaling
with cell thickness as L'/? [172]. If a strong magnetic field is applied suddenly,
a labyrinthine pattern occurs. Similar patterns occur in electrorheological
and magnetorheological fluids as will be discussed in more detail in Sect. 5. It
can be noted that in thicker films (~ 25 um, particle diameter 0.089 um) the
columns develop branched fine structures (tree structure) and the scaling law
for the average distance between columns changes to L3 [172].

The mechanisms through which chains aggregate into bigger clusters are
complex, depending on chain length, relative displacement of the chains and
lateral distance; they will be discussed in the later Sect. 5 on electrorheolog-
ical fluids. Chains also form in 3D DSS (in an applied field) but apparently
do not cluster [103] possibly due to the softness of the repulsive interac-
tion [173]. Gibbs ensemble MC simulations indicate coexistence between two
phases with a critical temperature decreasing with field strength and a critical
density practically independent of field strength [103]. Snapshots of con-
figurations at densities on either side of the coexistence curve rule out 1-g
coexistence and rather indicate the coexistence of two types of chain phases
which were, however, not characterized further. Extrapolation to a zero field
of the critical parameters gives an upper bound for the critical temperature
(A ~ 14) and a lower bound for the critical density (o* ~ 0.032) for a potential
phase transition in DSS. If combined with the upper density bound obtained
from the calculations of Leeuwen and Smit [126] (p* ~ 0.03) this allows for
only a very narrow density range for 1-g coexistence in dipolar soft spheres.

As we have seen Stockmayer fluids present a l-g transition as long as
the attractive van der Waals interaction dominates the dipolar interaction
(A <25). In an applied field, at a fixed dipole moment, the critical tem-
perature increases with field strength due to the stronger dipolar interaction
(stronger alignment of the dipoles in the field) whereas the density changes
only slightly [127]. In the two-phase region liquid droplets, nearly spherical in
a zero field, coalesce and become elongated in the direction of the field [127].

Qualitative aspects of the structure induced in DSS by a rotating field
(Ex = Eq cos wt, Ey = Ep sin wt) have been investigated by Men et al. [174] and
in more detail by Murashov and Patey [175] by MD and Brownian dynam-
ics simulations. The most striking observation is the organization of particles
in well-defined layers (perpendicular to the plane of the field) at intermedi-
ate values of the angular velocity w. At smaller or larger values of w the layers
break up and eventually disappear. Snapshots of the orientations of the dipole
moments in the layers clearly shows that they are polarized. The formation
of layers is favoured at low densities and high dipole moments but also oc-
curs at densities as high as p* = 0.8 at sufficiently large dipole moments. The
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formation of layers can be qualitatively understood by remarking that if the
frequency of rotation is large enough so that the distance between a pair of
particles does not change appreciably during one period, the average energy
between two dipoles rotating in phase with the field is [175-177]

12
a(r)=- " E(1-3 cos®6,) (37)
2r3

where 6, is the angle between the direction perpendicular to the plane of the
rotating field and the interparticle unit vector r/r and it is assumed that the
interaction is dominated by the components of the dipole moments pz in the
direction of the field and that |pg| is the same for all particles [175]. From
Eq. 37 it follows that the average interaction between two particles is attrac-
tive when they are in the plane of the field and repulsive when r is normal to
the plane which explains qualitatively the layer formation.

Quite interestingly, equimolar mixtures of particles differing only by their
moments of inertia can be separated by adjusting the frequency of the ap-
plied field. At this frequency only the species with the smaller moment of
inertia can follow the field sufficiently well to form layers whereas the other
can not [175].

Q2D microsized colloidal suspensions are particularly suited for studying
experimentally the formation of ordered structures or melting mechanisms
in 2D systems due to the possibility of direct visualization, e.g. through video
microscopy.

In a sufficiently strong external electric or magnetic field, perpendicular to
the layer, the colloidal particles interact, to a good approximation, through
a repulsive long-range 1/7> potential and self-assemble, when confined by
walls or magnetic fields, into different planar lattice structures. Triangular
(hexagonal) [167,178-182] but also rectangular, square or oblique lattices
(some of which are metastable) have been observed [179].

Melting of the crystal structures has been observed in micrometer-
sized colloids confined between glass plates [183] or confined by gravity to
a water/air interface [184] and shown to consist of two successive transitions,
with an intermediate hexatic phase, as predicted by the KTHNY theory [185-
187]. Evidence for hexatic-to-liquid melting has also been given in 2D magnet
bubble lattices in magnetic garnet films [188]. These experimental observa-
tions are in disagreement with numerical simulations of systems with 1/r>
potentials which report first order melting [189, 190].

Melting of 2D clusters of up to 80 dipoles, interacting with a 1/r> poten-
tial, confined by a quadratic potential has been determined by means of MC
simulations by Belousov and Lozovik [191]. Melting of the smaller clusters
(size N < 37) differs from that of the larger ones through an additional stage
characterized by orientational intershell disordering of pairs of shells.

Orientational fluctuations of the dipole moments in the direction per-
pendicular to the layer have been investigated in MC simulations by Lomba
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et al. [192] for Q2D DHS as a function of density and strength of the perpen-
dicular magnetic field.

Dynamical aspects of Q2D suspensions of spherical colloids and asymmet-
ric colloid mixtures with long-range repulsive forces have been investigated
by Brownian dynamics simulations [193-195]. These works emphasize dy-
namic scaling and the importance of hydrodynamic interactions on self- and
tracer diffusion.

3.6
Confined Systems

The confinement in nanoscopic pores can induce important modifications of
the thermodynamic properties of simple fluids, for instance, by shifting their
temperatures and pressures of liquefaction or freezing. Changes of the loca-
tion and stability of the ferroelectric fluid phase have been investigated by
Klapp and Schoen [196] through MC simulations in an isobaric ensemble for
DSS with p* = 3, confined in a slit pore constituted of two structureless soft
walls. A transverse pressure is applied to the fluid in the direction parallel
to the walls. The slit is replicated periodically in the direction perpendicular
to the walls and the dipolar interactions summed using the modified Ewald
method of Yeh and Berkowitz [87]. A main finding is that, for state condi-
tions where the bulk phase is ferroelectric, the orientational order, which is
parallel to the wall, persists down to wall separations as small as 60. For
a fixed slit width of 7o it is shown that the confined fluid becomes ordered
at pressures significantly lower than in the bulk fluid indicating that confine-
ment promotes ferroelectric ordering. For widths smaller than 6c, where the
dipolar particles are arranged in well-defined layers the existence of a fluid
ferroelectric phase could not be clearly identified. One can note that, due to
the stratification at these widths, the pressure component normal to the walls
has an average value different from the value of the external applied pressure.

A comparison between the properties of a bulk fluid of Stockmayer par-
ticles with a permanent dipole moment ©* = 1.8 and those of the same fluid
confined in a spherical cavity with a structureless wall interacting with the
dipolar particles by a 9-3 L] potential has been made for different densi-
ties and cavity sizes in [197]. The confinement in the cavity induces strong
variations in the density profile near the interface, reduces the value of the
dielectric constant and slows down self-diffusion and solvation processes.
The authors have extended their simulations to binary mixtures of Stock-
mayer particles confined by planar surfaces, both charged [198] and un-
charged [199], or by metal surfaces [200] focusing on the structural (density
and polarization profiles), and dynamic (diffusion) properties of the interfa-
cial particles as a function of surface charges, dipole moments and concen-
tration of the particles. The long-range electrostatic interactions were treated
using the slab-adapted Ewald method [87].
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Krilov and Laird [201] have investigated the orientational structure of DHS
near two parallel discretely polarized hard walls obtained by fixing point
dipoles of equal magnitude and equal angle ® with the wall normal on a tri-
angular lattice. The dipole-dipole interaction was truncated at a distance
equal to half of the slit width. A strong dependence on @ is observed for the
orientation of the fluid dipoles near the surface. The first adsorbed interfa-
cial layer is found to be almost crystallized for the highest dipole moment
considered (u* = +/2).

The determination of the properties of the 1-g interface of a dipolar fluid
has been performed for a Stockmayer system and a system of diatomic par-
ticles which, in addition to the point dipole interaction, interact by site-site
L] potentials in [202]. The estimates of the surface tension are shown to be in
reasonable agreement with experimental results for 1,1-difluoroethane when
state variables are reduced by the critical temperature and density. The pref-
erential orientation of the dipoles is parallel to the interface. This work also
contains methodological aspects of the simulation of thin liquid films in equi-
librium with their vapour. In particular, a comparison is made between the
results obtained for the true (Eq. 25) and slab-adapted Ewald potentials. The
agreement between the two numerical determinations of the dipolar energy
is quite satisfactory asserting the validity of the use of the 3D Ewald approach
for the simulation in a slab geometry.

The adsorption of dipolar fluids in porous solids induces modifications
of their bulk properties. Quantitative estimates of these changes on the di-
electric properties and spatial correlations of the DHS fluid adsorbed in un-
charged or charged disordered or random matrices of immobile hard spheres
have been obtained by grand canonical MC simulations [203, 204] for differ-
ent densities of the adsorbed fluids and porosities of the matrices.

3.7
Dipolar Fluids under Shear Flow

The most detailed simulation study of the orientational ordering of simple
dipolar fluids undergoing planar Couette flow at a constant shear rate y has
been presented in a series of papers by McWhirter and Patey [205-208]. In
their work the translational motion of the particles is obtained from the so-
called SLLOD equations given by [209]

dr; .

dtl = pi/m+ yiyé .
d , !/ A /
de?

I dtl =T¢ - oR(w! - AY)



198 J.-J. Weis - D. Levesque

where the shear flow is along the x-direction and the velocity gradient along
the y-direction. é is a unit vector along the x-axis, r; the position of par-
ticle i of mass m, F; the total force acting on it. The total momentum of
particle i is p; = pi + my;yéx = p! + muy(r;, t) + my;yéx so that p;/m is the
thermal velocity, i.e. the velocity measured with respect to the local stream-
ing velocity u(r;, t) = us(ri, t) + yiyéx. At low Reynolds numbers and low
shear rates, laminar flow is expected to be stable and the streaming vel-
ocity is linear, u(r;, t) = y;(t)y éx. However, at very large shear rates where the
Reynolds numbers are large, time-dependent secondary flows u,(r;, t) may
develop [210]. T?, @? and A? are, respectively, torque, angular velocity and
streaming angular velocity in the body-fixed frame.

In order to obtain a steady state from Eqs. 38 dissipative heat must be re-
moved from the system. This is achieved by the last (thermostatting) terms of
the last two equations in Egs. 38. In this respect it is essential to observe that
accurate values for u; and A? are needed. Any deviations from the assumed
streaming and angular velocity profiles (biased profiles) will exert unphysical
forces and torques which in turn will affect the shear-induced translational
and rotational ordering in the system [209, 211, 212]. The values for the mul-
tipliers a” and R depend on the particular choice of the thermostat. A com-
mon choice, also adopted in the work of McWhirter and Patey, is a Gaussian
isokinetic thermostat [209] which insures that the kinetic and rotational ener-
gies (calculated from the thermal velocities p} and thermal angular velocities
®? - A?) and therefore the temperature are conserved. Other possible choices
are the Hoover-Nosé or Nosé-Hoover-chain thermostats [213-216].

The Egs. 38 are solved together with Lees-Edwards boundary conditions
(LEBCs) [95,217,218] where layers of image cells above the central, cubic or
parallelepiped, simulation cell slide with uniform velocity yL, in the positive
x direction while those below the central cell slide with velocity - y Ly. With
these b.c. the new positions r; and velocities v; of the particles are given in
terms of those obtained after integration of the equations of motion by [219]

(rx mod Ly) + y Lyt ry =1Ly
7. =3 (ry mod Ly) 0<r,<L,
(rx mod Ly) - y Lyt 1y <0
r}’, = (ry mod L)) (39)
1, = (r; mod L;)
vx +yLy ry = Ly
V=1 0<r,<L,
vx = vLy ry <0
v;, = vy (40)

/
V, =V,
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Implementing the Ewald sums with LEBCs presents no extra difficulty once it
is recognized that the system of cubic (or parallelepiped) cells under LEBCs
can be mapped onto a monoclinic lattice of parallelepipedic cells. Thus, for
a cubic simulation cell, the cell basis matrix would be [218, 220]

1x0
t=|(010|L (41)
001

where L is the length of the cell side and x = y¢. In [205] the SLLOD equa-
tions (38) together with LEBCs and Ewald sums were solved for 256 and 500
Stockmayer particles at reduced temperature T* = 1.125, density p* = 0.88
and dipole moment p* = 1.955, a thermodynamic state point at which the
system is orientationally disordered in the absence of shear. Both conduct-
ing and vacuum b.c. were considered corresponding to dielectric constants
¢ =00 and ¢ =1 of the dielectric medium surrounding the Lees-Edwards
lattice, respectively.

Two distinct behaviours are observed depending on the value of the shear
rate y [in units of (62m/g)/?]. At low shear rates (y'/2 < 2), the secondary
streaming velocity u; is negligible, but the streaming angular velocity is not.
An orientationally resolved streaming angular velocity seems to be the most
suitable choice to prevent external torques to influence ordering in the sys-
tem [205]. In this regime the nonequilibrium shear viscosity

(Pyx)

ns(y) = - , (42)
Y

where Py, is the off-diagonal element of the pressure tensor, decreases linearly
with y1/2 extrapolating to the value 79 = 3.00+0.05 (¢’ = 00) and 2.90 £ 0.03
(¢’ =1) at y =0. This value is lower than the corresponding value of the L]
fluid (u* = 0) presumably due to a higher barrier to diffusion around a LJ
particle than around a dipolar particle [205]. Truncation of the dipole-dipole
interaction has a significant effect on 19, giving a value close to that of the
pure L] system.

The very fact that (P)y) is non zero indicates structural distortion of the
fluid which manifests by an anisotropic pair distribution function g(r,y)
compressed in the xy plane along axes at angles ¢ = 124° (¢ angle between the
projection of r/r onto the xy plane and the é, axis) and most elongated along
¢ ~ 34°. At the value of the dipole moment ;1* = 1.955 considered no strong
orientational order is observed and the distortion of the fluid structure results
mainly from the L] part of the potential and is only weakly influenced by the
dipolar contribution.

At larger shear rates, the structural properties are found to depend qual-
itatively on the expression used for the translational thermostat, the value
of ¢ and the treatment of the dipolar interactions, Ewald sum or trunca-
tion [205]. For a biased translational thermostat, u(r, t) = yyiéx (us(r,t) = 0),
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and an angular resolved streaming angular velocity [205], the particles un-
dergo a structural transition, near y'/2 = ycl/ 22, forming strings aligned
parallel to the flow direction arranged with hexagonal symmetry. Concomi-
tantly the shear viscosity and energy decrease. Above the critical value yclr/ 2
orientational order of the dipole moments gradually builds up. For conduct-
ing b.c. (¢’ = 00), the dipole moments align with ferroelectric ordering in the
z direction, the direction where the system appears most compressed. If, in-
stead, vacuum b.c. (¢/ = 1) are used two domains form within which dipole
moments have opposite orientations (parallel to the z direction). This orien-
tational ordering of the dipole moments changes radically when the dipolar
potential is truncated. Now the strings polarize in the flow (x) direction with
random orientation of the polarization (up or down) when going from one
string to the other.

As at high shear rates neglect of secondary flow may not be justified,
an unbiased thermostat obtained as a truncated Fourier series representa-
tion of a fully 3D u(r;, t), compatible with the Lee-Edwards lattice geom-
etry [211,221], has been included in Eqs. 38. In this case the string phase
disappears for y > y,, due to the appearance of vortices in planes parallel to
the yz plane. Orientational ordering is lost, the energy continues to increase
for y >y, and shear thickening rather than shear thinning is observed above
Yer [205]. Still more disturbing, switching to a z-independent form for u(r;, t)
restores the string phase for y > y,,.

It has been suggested [212] from the simulation results of a L] system, that
the string phase is destroyed if time fluctuations of u,(r, t) are too rapid at
the scale of those of the thermal velocity. Bagchi et al. [212] devised a modi-
fied dynamical scheme where, basically, the local streaming velocity u(r, t)
at r; in Eqs. 38 is replaced by a dynamical variable u,; having corresponding
conjugate momentum and mass. By this procedure the time autocorrelation
functions of u,(r, t) and the thermal velocity decay on similar time scales and
the string phase is again stabilized. This scheme has not been implemented in
the dipolar systems.

Whether the string phase corresponds to a real situation or is an artifact of
the simulations due to the use of an inaccurate expression for the secondary
flow in regimes where the hydrodynamic stability of planar Couette flow is
lost is difficult to ascertain at the present time [205]. Experiments on colloidal
suspensions have not provided a clear answer, though at moderate strain rates
structural behavior similar to that found in the simulations is observed [222].

At larger values of the dipole moments orientational ordering occurs even
at low shear rates [207]. If a dipolar soft sphere fluid (T* = 1.35, p* = 0.80 and
w* =2.5) is subjected to a moderate shear force (y ~ 0.5), the dipole moments
orient parallel to the xy plane at an angle of approximately 118°, i.e. in the
direction where the coordination sphere is most compressed, forming a fer-
roelectric state. As there is no preference for the net dipole moment to point
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up or down the compression axis, it occasionally flips from one state to the
other. At some critical value y ~ 1.7 orientational order and the shear viscos-
ity decrease. The reason for this decrease is suggested to be related to large
fluctuations in the director orientation about the compression axis [207].

Finally, McWhirter and Patey [206] investigated the change in orientational
order entailed by planar Couette flow in a DSS system (T* = 1.35, p* = 0.80
and u* = 3.0) which is ferroelectrically ordered in the unsheared state. Only
low shear rates, where u,(r, t) could be taken as equal to zero, were consid-
ered. Contrary to the state with the lower dipole moment where orientational
order builds up at low shear rates as a response to spatial structure, here the
system looses the orientational order present at y = 0 when sheared. The net
dipole moment M(t) =, u;/| Y _; ;| is shown to rotate continuously, but in
a nonuniform way, about the z axis with an average angular velocity roughly
equal to the vorticity - ;yéz and no steady state is obtained. The orientations
of M(t), at which the order parameter P; drops rapidly, are encountered more
frequently at large y which explains the decrease of (P;) with increasing shear
rate.

Using constraint director dynamics, McWhirter and Patey [206] also de-
termine the shear and twist viscosities describing the coupling between the
pressure and shear rate tensors and the Miesowicz viscosities (linear com-
binations of the former) and show that the latter are qualitatively similar to
those of a ferroelectric tetragonal I lattice in accord with the fact that the
short-range spatial correlations in the ferroelectric liquid state are similar to
those of the tetragonal lattice structure [102].

4
Dipolar Liquid Crystals

Although packing effects alone can drive liquid crystal (LC) phases, as
demonstrated by simulations of model hard core LC [223, 224], dipolar inter-
actions, present in a large class of LC materials, can influence the stability of
the phases or give rise to phases not observed in nonpolar systems [137]. The
majority of simulations has focused on investigating the stability of dipolar
LC as a function of position and orientation of an embedded point dipole mo-
ment with respect to the molecular axis and its strength. The models most
frequently considered are hard spherocylinders (SC), prolate and oblate Gay-
Berne (GB) molecules and cut spheres for which the phase diagrams without
dipole moment are already known. Reviews of simulation work prior to 1998
can be found in [225] and [226].

The main effect of a central longitudinal dipole moment in SC and GB
molecules is to stabilize smectic layering relative to the nematic phase, when
compared with the nonpolar case, due to favourable antiferroelectric short
range order [225, 227, 228]. As the strength of the dipole increases the nematic
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phase eventually becomes unstable indicating the existence of a I-N-Sm triple
point [225, 228, 229]. In contrast, the densities of the coexisting isotropic and
nematic phases seem only slightly affected by the dipolar interaction for
GB particles [227,229] whereas for hard SC the nematic phase is slightly
destabilized relative to the isotropic phase [225]. A plausible explanation is
dimerization of the spherocylinders in anti-parallel arrangement thereby re-
ducing the overall aspect ratio driving nematic ordering [225] while for the
GB molecules a side-by-side attraction is present already in the absence of
a dipole moment [228]. The smectic phase for SC is a Sp phase with ran-
dom anti-parallel orientation of the dipole moments while for GB particles at
elongation « = 3 it is Sp (hexagonal bond orientational order in the layers).
At elongation « =4 at which, in the nonpolar system, a Sy phase exists be-
tween the nematic and Sp phases [230], the dipole moment promotes the Sp
phase [228].

In hard SC a central transverse dipole moment also stabilizes the S phase
relative to the nematic phase but now through head-to-tail association of
the predominantly in-plane dipole moments [125]. In the smectic layers the
dipole moments form intricated vortex-like chain structures [125] similar to
those seen in simulations of Q2D dipolar hard spheres [7,115].

Shifting the location of the axial dipole moment from a central to a ter-
minal position generally increases the range of stability of the nematic
phase [231-234], as compared to the central dipole or nonpolar case, due to
the antiparallel dipole pairing at high density yielding aggregates more dif-
ficult to accommodate in smectic layers [231]. It also affects the structure of
the smectic phase. For a system of polar GB molecules it has been shown that
the smectic phase changes, upon increase of the dipole moment, from a well-
defined monolayer structure to a strongly interdigitated bilayer structure Sy,
due to a strong tendency of anti-parallel association of the dipoles [234].
A large scale simulation of 8000 particles [233] revealed a striped domain
structure typical of a S5 antiphase smectic [137, 235].

The possibility of formation of a tilted smectic-C phase has been investi-
gated in simulations of GB molecules with two off-centre parallel outwards
pointing dipoles having suitable orientations ¢ and ¢ + 180° with respect
to the molecular axis [236]. At ¢ = 60°, for a sufficiently low temperature,
a tilted Sc¢ phase is identified having hexagonal bond orientational order and
tilt (< 10°) in the direction of a vertex of the hexagon formed by the nearest
neighbours (S; phase) [236]. A tilted smectic phase is also obtained for ¢ =0
but with a tetragonal layer structure (St phase). For angles > 60° the smec-
tic phase is orthogonal with a hexagonal order (Sg); at ¢ = 90° an additional
biaxial smectic phase is obtained [236].

None of the prolate dipolar systems mentioned above exhibit (global) fer-
roelectric ordering. A stable ferroelectric phase has, however, been shown
to exist in fluids of oblate ellipsoids of revolution, with a central dipole mo-
ment along the axis of revolution, in the range of breadth-to-height ratio
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0 < b/a < 3 [148]. One can note that in this range of aspect ratios the orienta-
tional order is essentially driven by the dipolar interaction as in their absence
the system would be isotropic [223]. For b/a >3, a second transition occurs
from a ferroelectric to an antiferroelectric columnar state upon cooling the
system [148]. The temperature range over which the ferroelectric liquid is sta-
ble narrows with increasing values of b/a and vanishes at b/a = 0; for larger
aspect ratios the isotropic system transforms directly to the antiferroelectric
columnar phase [148]. It should be remarked, however, that ferroelectric be-
haviour is obtained only in the absence of a demagnetization field (¢’ = 00).

On the other hand, no ferroelectric behaviour is found in disk-like
molecules (cut spheres) with point axial dipole moments [237]. In the
isotropic and nematic phases the dipole moments do not increase apprecia-
bly the short-range correlations already present in the nonpolar cut sphere
system and consequently the domain of stability of the isotropic phase is not
greatly modified by the dipolar interaction. The columnar phase is marginally
stabilized with respect to the nematic phase [237]. In the columnar phase, for
axial dipole moments, the hexagonally arranged columns are unpolarized for
low dipole moments, and fully polarized for larger moments with antiparallel
ordering of neighbouring columns [237].

A biaxial columnar phase could be expected when the dipole moment is
transverse to the disk axis, but is observed only in the presence of an addi-
tional transverse field [238]. For a transverse dipole moment the columnar
structure is found to consist of small groups (~ 3 cut-spheres) with aligned
dipole moments organized in an antiparallel fashion along the column [237].

Finally, a tilted columnar phase is induced when the dipole moment makes
an angle of 60° with the disk axis. In this phase the tilt angle with the colum-
nar axis is ~ 20°; the polarized columns are ordered on a rectangular lattice
in an antiferroelectric fashion [237].

Complex smectic phases can result in polar bent-core LC as shown in a MD
simulation of a two-site GB model with a transverse dipole moment [239]. For
a low bend angle (y <20°) the low temperature phase is a hexagonal tilted
Sg phase with the direction of the tilt the same in adjacent layers (synclinic
tilt). The tilt angle, which increases with y, is larger than in the apolar system.
The system is overall ferroelectric at ¥ = 0 (though the polarization changes
in direction during the simulation) and antiferroelectric at y = 20° (adjacent
layers have opposite polarizations). For the larger bend angle, y = 40°, the low
temperature phase is identified as an antiferroelectric biaxial smectic X phase
(there is no tilt and no hexagonal order), in contrast to the “TGB-like” biaxial
phase found in the apolar model [239].

The combined effect of a dipole moment and a flexible tail, usually present
in mesogens, has been addressed in a MC study of hard spherocylinders
with a terminal dipole moment and an “ideal” (no volume) flexible end-
group [240]. Adding a flexible tail to a hard core SC acts on the range of
stability of the nematic phase in an antagonistic way to the terminal dipole
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moment. If the latter enhances the stability of the nematic phase (with respect
to the nonpolar case) the former suppresses it, resulting in a narrow range of
stability for the nematic phase [240].

5
Electrorheological and Magnetorheological Fluids

Dipolar interactions play an essential role in the so-called electrorheological
(ER) and magnetorheological (MR) fluids. ER (MR) fluids are suspensions of
dielectric (magnetizable) particles, of typical size 0.5-100 pum, in an insulat-
ing (or weakly conducting) nonpolar (nonmagnetic) liquid (e.g. oil) (cf. [2, 3]
for a list of electrorheological materials). If the permittivity or permeability
mismatch of the dispersed particles and the solvent medium is sufficiently
large the electric or magnetic field will induce a dipole moment within
the particles proportional to the local field they experience. The structural
changes in the fluid (formation of chains and more thick solid structures)
entailed by the applied field are responsible for the dramatic (reversible) in-
crease, by several orders of magnitude, of its rheological properties (viscosity,
yield stress, shear modulus ...). The mechanical and physical properties will
depend strongly on the induced structure and a major aim of simulation of
ER and MR fluids is to understand its changes as a function of electric or
magnetic field strength and frequency, volume fraction, temperature, and di-
electric properties of the dispersed particles and solvent.

5.1
Polarization Model

The most basic model for studying ER fluids, within the context of the po-

larization mechanism [8, 9], (see [9] for other mechanisms) consists of hard

nonconducting dielectric spheres of dielectric constant ¢, and diameter o = 2a

(a radius) in a nonconducting continuous liquid of dielectric constant &5 and

viscosity ns confined between parallel-plate electrodes with separation L.
The dipole moment induced in particle i by an external field E is

p; =a(Eo + EM) = po + piing (43)

where o = 47egesf: a® is the polarizability, B, = (ep — &5)/(gp + 2¢5) the dielec-
tric contrast factor (- 0.5 < B, < 1), gy the vacuum permittivity and E}nd the
electric field created by the multipoles of the neighbouring particles. If the
dispersed particles have no net charge and only dipole fields are retained

Efd=- : Z 13[- 375 (7 - pj) +Pj] . (44)
J

4meges T
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The electrical interaction between two particles is

el _
Y 4mepesr

[ - 3@ 7, #) + pi-p)] (45)

i

and the force [241, 242]

3
Fj = [ 5i #)(0;-#5) - pi- 1175 (46)

- 47T8085Tij
- (pi-#i)p; - (p;- fij)p,-]

where the p; must be determined self-consistently by solving Eqgs. 43 and 44.
In Egs. 45 and 46, ;j is the distance between the sphere centres and #;; the unit
vector rj/7ij.

In MR fluids the induced dipole moment is given by an expression similar
to Eq. 43

p;=4mpoBy a’(Hp + Hi'nd) =Po * Piind (47)

where Hy and Hi" are the applied and induced magnetic fields at particle i
and B, = (p — s)/(tp + 2 s) (1p, s relative permeabilities to the vacuum
of the particles and solvent, (1o permeability of free space).

Eqgs. 45 and 46 neglect higher-order multipole moments and many-body
contributions beyond the dipole terms and are valid only for large separations
of the particles and small values of B¢(B,). Simulation studies often ignore
local field effects all together in which case the particles bear a constant dipole
moment in the direction of the external field (point dipole approximation).

General methods have been developed to include higher-order multipole
moments and many-body effects [243-245] but the computational costs have
so far limited their application to simulations of very small system sizes [243].

Higher-order multipole moments enhance the forces between particles at
short distances and their neglect is extremely questionable, especially if “fine”
effects are looked at, as for instance the ground-state properties of close-
packed lattice structures [244, 246-251] or the viscosity. To go beyond the
point dipole approximation Klingenberg and co-workers [173, 252] developed
an empirical force expression for the interaction between two dielectric
spheres in a uniform external field from the numerical solution of Laplace’s
equation [253]. Recently, Yu and co-workers [254, 255] proposed a computa-
tionally efficient (approximate) dipole-induced-dipole model based on a mul-
tiple image method which accounts partially for multipolar interactions.

In experimental realizations of ER or MR fluids the system is generally
confined between plates (electrodes or glass plates) and these boundary con-
ditions need to be properly taken into account in simulations. In ER fluids
where the system is placed between parallel electrodes at constant potential,
the transverse electric field must vanish at the electrode boundary. In this
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case the image method can be applied to calculate the electric interactions be-
tween the fluid particles and the conducting walls. At the point dipole level
a dipole of strength p at position (x,y,z) produces an infinite set of image
dipoles located at (x,y,- z) and (x,y,2L;j+2z), (j = £1,%2,...) and having
the same moment [256-258] (origin of coordinates at the lower plate). Each
dipole now interacts with its infinite number of images and with the other
dipoles in the system and their infinite number of images. The self-energy is
given by

2 00
us(z) = - Z [;(3)/(4@) + Y (2zi- 2kLz)'3/2] (48)

k=-00

and the interaction of a dipole with another dipole and its infinite number of
images by [258, 259]

5 00

uilpij> zi» 2j) = Z > 4n’sKo(smpij/Lz) cos(smzi/L,) (49)
S os=1
X cos(anj/Lz)/Lg .

Here Ky(x) is the zeroth-order modified Bessel function of the second type,
¢ (x) the zeta function (¢(3) = 1.2020569...), pjj = [(xj - x;)? + j —)/,-)2]1/2 the
lateral distance between two particles and L, the distance between the two
walls.

In the same way as higher multipole moments may affect significantly
the short-range particle-particle interaction, they can affect the particle-
electrode interaction through multipole images, especially when particles are
close to the electrodes [245].

The situation is somewhat different in MR fluids where the confining sur-
faces can be low permeability materials such as glass plates and a tangential
magnetic field is possible. Unlike the ER case there are no image dipoles; the
chains remain finite with effective magnetic charges appearing at the chain
ends [260, 261]. End charges at a given surface have equal signs; at opposite
surfaces, they have opposite signs. The finite length of the chains makes the
theoretical calculation of their interaction more difficult [262, 263].

In addition to the electrical interactions, particles interact, at short-range
by a repulsive interaction generally taken to be a hard sphere potential. In
ER (MR) fluids where the short range repulsions extend over distances much
shorter than the size of the particles this is a reasonable approximation. How-
ever, in dynamical simulations a discontinuous potential is not convenient
and the hard sphere potential is generally replaced by a continuous expo-
nential or inverse power potential with parameters chosen to closely mimic
a hard sphere potential. As shown in [173] too soft a potential may lead to un-
realistic aggregation of the particles. Potentials of a similar functional form
have been used for the wall-particle interaction.
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The dynamics of the system can then be obtained from a Langevin-type
equation including direct interaction forces F (repulsive, electrical, image and
wall-particle forces), hydrodynamic F'¥4 and Brownian forces F5

d*r; hyd B
mdt2 =F;+F;" +F;. (50)

For particles suspended in an incompressible Newtonian fluid undergoing
linear shear flow the hydrodynamic force can be written [243, 264, 265] (using
the notation of [243, 265])

FYd = _ Rpy - (U - u™®) + Rpg : E®. (51)

Here FV4 is a generalized (6N dimensional) force-torque vector, U - u™ (6N
dimensional) is the particle translational-angular velocity relative to the bulk
fluid flow evaluated at the particle centre, E*° (3 x 3 matrix) is the traceless
symmetric rate of the strain tensor (supposed to be constant in space). The
resistance m